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XVIII. On Dynamical Illustrations of Certain Optical 
Phenomena. By Professor J. D, Everert, F.R.S.* 
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§ 1. In studying the attempts which have been made to 
illustrate certain optical phenomena by analogies drawn from 
chains of particles and from mutually influencing pendulums, 
I have been impressed with the difficulty of obtaining 
accurate information respecting the dynamical results in 
question, and the proofs on which they rest. I have taken 
some pains to find brief and simple methods of establishing 
the most important properties, and have here arranged both 
proofs and results in a form convenient for reference. 

In discussing the chain of particles, I have not had recourse 
to theorems in the Calculus of Finite Differences, but have 
imitated the methods employed in Lord Kelvin’s Baltimore 
Lectures ; and in this connexion I have hit upon a curious 
geometrical and kinematical theorem which I believe is new. 

In dealing with mutually influencing pendulums, whether 
suspended side by side or one from the other, I have simplified 
the usual investigation, by first assuming the motion to take 
place in a fundamental mode, and afterwards discussing com- 
binations of such modes. The deduction of the properties of 
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the double pendulum here given is, I believe, the fullest to 
be found anywhere. 

A “fundamental mode of vibration ” may be defined as 
one in which all the particles have simple harmonic vibrations 
with the same period and either identical or opposite phases. 
The resolvability of the most general small permanent vibra- 
tions of a system into modes of this simple character is a 
well-known proposition of abstract dynamics. Anyone who 
objects to assuming it may regard our plan of operations as 
a tentative method which is justified when it leads to solutions 
containing the proper number of arbitrary constants. 

§ 2. Suppose a series of equal particles attached at equi- 
distant points to a uniform elastic string of negligible mass. 
For simplicity we shall ignore gravity, and suppose the only 
forces acting on each particle to be the tensions of the two 
portions of string between which it lies. Then the series, 
when in equilibrium, will lie in a straight Jine, with uniform 
tension throughout the whole string. Let F denote this 
uniform tension, and a the common distance between the 
particles. Then, in the case of small transverse vibrations in 
one plane, if 4, 2, 73 denote the displacements of three con- 
secutive particles, and the mass of each particle be M, we 
shall have 

sey ayrns Bye 
12 Meera” tae ande 


or, putting w for F/Ma, 
Ya= —#(Y2—J:) ~HY2—Ys) = —B(2Ye— 1-H)» (1) 


These formule are also applicable to longitudinal vibrations, 
if we make F denote Young’s modulus multiplied by the 
cross-section. 

§ 3. When a simple harmonic undulation is running along 
the chain of particles, we shall have 


y=Asin 27 (-- Alb sea) 


y denoting the displacement of the particle whose undisturbed 
abscissa is w, % the wave-length, ¢ the time, T the period, 
and A the amplitude. 
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Equation (1) applied to the mth particle gives 


y=—A {2 in 2 Ee aulks ae c= AACE m+l1 ut 
be sin Za( + T sin 27 Wins t) sin 2 ( x 4 
= —2Ay | sin 2n( 7) —sin 2g a 9) cos am 


EN oe co UR? - og 
=—4A 2 3S | Spee 
= sin an( oT )sin = 4uy sin x" 


@ 
But by direct differentiation of (2), y= — A ye 
Hence 
2Qrr\? 67 ih jp . 4% 
ce) eae TLE ay Sa gis 
(ar) 4 sin , > prpmsy: - (3) 


Let V denote the velocity of propagation ; then 


2 2 in 2 
fi ee sa sin? = pa? e zm) 
Tar 


This is equal to wa* when X=~%, and diminishes continuously 
to zero as 7a/X increases from 0 to 7. Hence a,/p is the 
velocity of infinitely long waves, zero is the velocity of waves 
of length a, and there is continuous diminution of velocity 
between these limits. 


The expression ©, sin? obtained in (3) for the square of 


the frequency shows that the frequency vanishes for \=a 
and A=, and attains its maximum value ~Wu/7 when 
Ne 
The maximum value of the acceleration-factor — y/y or 
(27/T)?. is 4p, and is also attained when X=2a. Every 
frequency less than the maximum corresponds to two different 
values of A between aand ©. Calling them dr, and Ax, we 
have 
a- a : 
Ae + ge: tte TT eet a A (5) 
lt thus appears at. first sight that two different modes of 
undulation correspond to each frequency. The following 
investigation shows that they are merely two different speci- 


fications of one and the same motion of the yarticles. 
ne 
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§.4. The two undulations 


a t 
y=A sin an (+ = 1) Yyo= —Asin an ( 5 + *) (6) 


which have equal amplitudes and opposite directions of pro- 
pagation, will specify the same motion of the particles if 
Yi—Yo Vanishes for all values of ¢ when x is a multiple of a, 
say ma. This gives 


; ma : ma, t 
sin a(S _ 1) +sin 2n( ay =, 


Be lm Sahota sy, 


nm denoting any integer either positive or negative. This 
includes equation (5) as a particular case. 
Tn like manner the two undulations 


which have equal amplitudes and the same direction of propa- 
gation, will be equivalent if 


: ma t ; ma t 
sin an( = +) sin an (5 _ 7)=9 
. ma ma 
sina (—* _ =o 
ah ne 


Gib eres CeCe Ue) A (8) 


One and the same undulating motion of the particles can 
accordingly be represented in a unlimited number of different 
ways by the uniform motion of a harmonic curve in the 
direction of +a. The amplitude, being the amplitude of the 
motion of a particle, must be the same for all, but the wave- 
length may have any value consistent either with equation (7) 
or equation (8). ° 
The simplest specification is obtained by employing the 
greatest admissible wave-length. This wave-length, which 
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we will denote by Aj, will be unique, and will lie between 2a 
and 0 , except when it is equal to 2a. In general, the order 
of magnitude will be 2,, Ag, As, &e., as defined by 


a a a a a a a a 

ee a ee ne ef 

RA ig Se ae Te whee ee Os Want wm 
and so on. 


A, is the value obtained by regarding va/X as an angle in 
the first quadrant. 

in the exceptional case A; = 2a=Xz,, successive particles are 
in opposite phases, the frequency has the maximum value 
V w/17, and the acceleration-factor has the maximum value 4. 
The waves in this case can be more simply regarded as 
stationary. 

In the exceptional case A,=2, we have A»=a=r3. The 
particles are in one straight line, there is no acceleration, and 
the frequency is zero. 

The above investigation establishes the following 


Geometrical Proposition. 


Through any number of points lying on a harmonic curve 
and having equidistant ordinates, it is always possible to draw 
an unlimited number of harmonic curves, having the same 
amplitude but different wave-lengths. Calling the common 
distance a, and the wave-length of any curve X, the curves 
can be divided into two sety such that for any two of the same 
set the difference of the values of a/A is an integer, and for 
any two of opposite sets the sum is an integer. At the points 
in question, curves of the same set slope the same way, curves 
of opposite sets slope opposite ways, and the tangents of the 
slopes are inversely as the waye-lengths. If all the curves of 
one set are displaced in one direction, and those of the other 
set in the opposite direction, along the axis of abscissas, 
through distances proportional to their wave-lengths, all the 
curves will still intersect on the original ordinates. 

Figs. 1 and 2 illustrate the different possible specifications 
of the same motion of the particles. Small circles are drawn 
round the particles to render them more conspicuous. All 
the curves pass through the centres of these circles. In fig. 1 
the values of a/A for the two curves are } and $, their sum 
being 1. In fig. 2 the values of a/A for the four curves are 
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2, 3, £, 8 ; the difference being 1 for the first and third, and 
for the second and fourth ; and the sum being 1 for the first 
and second, 2 for the first and fourth, and 2 for the second 
and third. In fig. 1 the two curves are supposed to be 
travelling in opposite directions, the flat curve six times as 
fast as the steep one. In fig. 2, curves 1 and 8 travel one 
way, and curves 2 and 4 the opposite way. 

§ 5. In our chain of particles, if one particle be constrained 
to simple harmonic vibration with frequency less than the 
maximum or critical frequency /u/7, the permanent state 
for the chain will be an undulation whose wave-length is 
given by 

weree a. iL 

sin aE ee eee (3 A) 
or a combination of two such undulations travelling in oppo- 
site directions ; and this state is one which, if once started, 
will be kept up by the internal forces of the system. 

We shall now investigate the permanent motion of the 
chain when one of the particles is constrained to simple 
harmonic vibration of frequency greater than the critical 
frequency Vp/7. 

Let yp be the displacement at time &£ of the constrained 
particle, and 71, v2, y3.-. those of the consecutive particles on 
one side of it. In any “ fundamental” or “ normal” mode 
of vibration, the accelerations 4), ¥, &c. are proportional 
to the displacements 7, 72, &c.; so that we may write 


Y= HY, Jo = —O%Y2, Ke. 
Hence by equation (1) we have 


wy = B(24%1;—Yo—Y2) | (10) 
wy, = MM 2Y—e—Y1—Ys)s J 
and so on. 
Hence 
2 
CS Vi Et he RE a BE eae oF (suppose). (11) 
M “a ni Yo 2 
These equations are satisfied by assuming 
_ 4% 2 1 = _2 = &e. =T ] 
“A Ay Ws | eee (ih) 


kaorth 
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if k‘is greater than 2, or if w’>4u, or (since » is 2m/T) if 
1/T> V n/n. 


The same result can be deduced by bese equations (11) 
in the form 


OLE aay ee: Lee te b+, —22 — aha, &e.; (13) 


n n ys Ys Ys 
whence we obtain for any one of the ratios a, ae &e. 
the value 
bk = yr (suppose). . . . « (14) 
k—&e. 
That is, 1 


r= k—-, 
r 


which is the assumption employed above. The assumption 
gives a choice between two values of r, one being the 
reciprocal of the other. We must clearly choose the value 
which gives a decreasing not an increasing geometrical pro- 
gression. 7 and its reciprocal are the roots of the equation 
r—kr+1= 0. 

Hence we have 

rakt v4), =k v(l—4),. . (15) 
where 

2 

{ee i: J/(k?—4) =F Vey). 
Thus the resulting motion is completely determined. Suc- 
cessive particles will be opposite in phase, and their amplitudes 
will diminish in geometrical progression as we move away from 
the particle which is subjected to external constraint, the 
diminution being the more rapid as the frequency is greater. 

§6. The constraining force (taking the mass of the particle 

as unity) is the excess of the actual acceleration —w?y) above 


the acceleration —2u(yo—y,) or —24y,(1+2) due to the 


tensions. It is therefore yo(— ow + 2+ 26) 
But, from above, 


7 = 20 y(w—4p). 
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Hence the constraining force is 


=o (o—4p). 2 3s... (16) 
It is proportional and opposite to the displacement yo, and 
therefore does equal amounts of positive and negative work. 
These remarks apply to the permanent regime only. 

The critical value of which separates free from forced 
vibrations is 2’, and this value makes the constraining 
force zero. As @ increases from this minimum to infinity, 
the constraining force increases from zero to infinity, and the 
ratio. of successive amplitudes increases from unity to 
infinity. 

The work done in the initial stage is represented by the 
energy of the chain in the permanent state. The ratio of the 
energy of the whole chain (extending to infinity on both 
sides) to the energy of the particle to which the constraint is 
applied is 

ee Cia! 
142 (Gtatat de)=575, 


2 
which by (15) reduces to 


bike HEADY wt 
V(e—4) {k+ MED} ~ VR—D ~ Vf0%(o?—4)} 


When o has its least value 2./p this is infinite, as it ought to 
be, since we haye in this case an infinite trail of equal oscil- 
lations. As w increases, the value steadily diminishes to the 
limit unity, showing that the frequency may be so great as 
practically to confine the energy to the first particle. 

§ 7. This discussion of the simple harmonic vibrations of a 
chain of particles serves to explain Sir George Stokes’s 
illustration of fluorescence, as quoted in Tait’s ‘ Light,’ 
pp- 161-163. 

When the frequency of the setherial vibrations is below the 
critical value, any nascent disturbance is carried off to a 
distance by undulations ; but when it is above the critical 
value the effects accumulate at the origin of the disturbance, 
In the latter case, when the applied force ceases to act, the 
subsequent motion is compounded of free simple harmonic 
vibrations ; and for none of these does the frequency exceed 
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the critical value. Hence there is a change from higher to 
lower frequency, and therefore a lessening of refrangibility. 

In support of the view that there is a critical frequency for 
a fluorescent substance, Sir G. Stokes says :— 

“In dealing with a single fluorescent substance—not a 
mixture of two or more—I have generally found that the 
following feature is (very approximately, at any rate) 
observed :—As we take incident -light of increasing re- 
frangibility, it is at first inactive; then, on reaching a 
certain point P of the spectrum, it begins to produce 
fluorescence, and the heterogeneous fluorescent light contains 
refrangibilities not extending beyond P. As we continue to 
progress in the incident spectrum, the highest refrangibility 
of the fluorescent light does not follow the refrangibility of 
the incident light, but remains about P.” 

Professor Preston maintains that there is no difference in 
kind between fluorescence and the process by which lamp- 
black transforms luminous into non-luminous radiation. In 
the application of our analogy to lamp-black the critical 
frequency will be below the range of visibility. 

§ 8. The fundamental modes of stationary vibration for the 
chain are most easily deduced from the consideration of two 
travelling undulations. If the fixed ends coincide with two 
of the particles, and the intervening length is ma, the equation 
for a fundamental mode is 


y =2A sin 27rx/d cos 27t/T, 
» being either 2ma or any submultiple of it exceeding 2a. 
This gives m—1 modes. 

As an example, if the distance between the fixed ends 

is 4a, the values of X are 

8a, Aa, 8a/3. 
In the first mode the amplitudes of the three free particles 
are as the sines of 


1/4, 1/2, d7/4, 
Tn the second mode, as the sines of 

1/2, Tr, 37/2. 
In the third mode, as the sines of 

37/4, 37/2, 97/4. 
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§ 9. Another mechanical illustration that has been often 
mentioned as analogous to certain optical phenomena is the 
mutual influence of pendulums. 

First, suppose two simple pendulums of masses 1 and sg, 
with natural frequencies ,/27 and @,/27, their bobs being 
at the same level, and elastically connected so that there is a 
mutual push or pull according as their distance is less or 
greater than when both pendulums are vertical. The con- 
nexions are supposed to be of negligible mass, and the 
vibrations to be so small that the vertical component of 
the push or pull is negligible. The movements are supposed 
to be confined to one vertical plane. 

Let x denote displacement of the mass 1 from the vertical 
through its point of support, reckoned positive when towards s, 
and & the displacement of the mass s, reckoned positive when 
away from the mass 1. Then x—€ is their approach, and 
€—a their recess. Let w(v—E£&) be the push, and w(~—z2) 
the pull. 

If the masses were unconnected, we should have 


g=—o’r, F=—off . . . . (17) 


When they are connected, we have 


i = ofe+ w(E—2), | 


£ =—off+4(e-8), So 


When the system is vibrating in a fundamental mode, 
z and & are in a constant ratio. Assume €=fw; then 
equations (18) become 


& = —{o+p(1—k) fa, | 


2 t 
k= fort (1-Z)f ke 


(19) 


By division and reduction, we have the quadratic in f, 
pk +k (ow? +4 —p) —£=0,. . 5 (20) 
which has a positive root k, and a negative root —hy. 
Let the corresponding values of 27/T for the fundamental 
modes be called 0; and ,. For both of them we have, 
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by equations (19), 
Ot at Cale k= w+" (1-7). ao 
Putting —k, for k, we have 


1 
Of = 08+ pth) =of+4 (147), - + (22) 


showing that Q, is greater than either @, or w,; in other 
words, that the fundamental mode in which the displacements 
are opposite has a higher frequency than the vibration of 
either pendulum alone. 

Putting k, for k, we have 


1 
Of = of +u(1—h) = 07 4+#(1-F). . Hi S35 


When f;, is different from unity, one of the two quantities 
1—k, and 1—1/k, is positive and the other negative ; hence 
Q, is intermediate between w, and @,. Equation (20) shows 
that, if k; is unity, w, is equal to w,; that is, the pendulums 
are of equal length. Whenever they are unequal, the funda- 
mental mode in which their displacements are similar is 
intermediate in frequency between the vibrations of the two 
pendulums singly. 

The actual vibration of the system will be either that 
corresponding to k, and Q,, or that corresponding to —k, 
and Q», or a combination of the two in an arbitrary ratio ; 
according to the initial circumstances. 

If the pendulums are nearly equal, both in length and 
mass, the coefficient w,’—,?+p/s—p of k in the quadratic 
is small and the positive and negative roots are nearly equal, 
also their product —1/s is —1 nearly ; hence the roots are 
approximately +1. The values of ©? from (21) are therefore 
approximately 

07 =e, 0,? = @,;?+ 2p, 


the latter being always the greater, as proved above. 
In practice m is usually exceedingly small; hence 0, 
and Q, are nearly equal. The general equations 


w= Acos (O\t—a,) + B cos (Ot — 2), | 


£ = k,A cos (Q\t—a) —k,B cos (O.t — ag), rae 
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will accordingly represent what are called in acoustics 
“curves of beats,” the beats being strongest when A and B 
(and therefore also k;A and k,B) are nearly equal. 

If we start from a condition in which the pendulum a is at 
rest in the zero position, the equations will be 


x = A(cos OQyt— cos 0,¢), 
E = A(k, cos 0,¢ + ky cos Of) po (2) 
= A(cos 0Q)¢+ cos Oxt), nearly, 


When ¢ is such that cos Q,¢ and cos Ost are each sensibly 
unity, the first pendulum will have sensibly zero excursions, 
and the second pendulum will have maximum excursions. 
When one of the cosines is sensibly 1, and the other sensibly 
—1, these conditions will be reversed. In fact, we have 


2 = 2A sin = ¢.sin oe 2 rigoronsly, | 
a es) 
£ = 2A cos O» 5 saver a nearly, | 


showing that the excursions are 
2A sind (Q,—Q,)t and 2A cos}(0Q,.—Q,)é, 


each of which in its turn vanishes when the other is 2A. 
This can be illustrated by hanging two equal pendulums from 
the same stand. As regards phases, the comparison of the 
two factors 


sin $(Q,+0,)é¢ and cos $(0Q,4+M))t 


shows that, at first, € is earlier than # by a quarter period. 

§ 10. Next take the case of one pendulum suspended from 
another, each consisting of a heavy particle at the end of a 
weightless thread. 


Upper mass . . Sey ala Lower mass s ; 
Length of upper peniiienn a, of lower 6; 
Displacement of upper mass 2, oflower &; 


the displacements being measured horizontally from a vertical 
through the fixed point of support, and being so small that 
vertical accelerations may be neglected. Then, since the 
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tensions are sg and (1+s)g, we have 


. aby % a ) 
sé = —sg@—*, $= —L(E—0), : 

: e abe ch 
ac E-—«@ ‘gd eae 35, Seles | 


Assume €=kex for a fundamental mode. Then the equa- 
tions become 


ko — 2 (k—-1) 0 


@. 
b 

(28) 
t—— > {424s —ts be 


oO 


By division and reduction, we obtain the quadratic for k 
ask? —k{b—at+(b+a)s}—a=0; . . . (29) 


which, as in the previous example, has a positive root k, 
and a negative root —k, 

As before, denoting the acceleration-factor — #/x or (27/T)? 
by 0”, the two equations give 


m=$(1- 7) =2 fite4 Sw }. ii 6.) 


Putting —f, for k all the terms are positive ; hence the first 

expression for ©,” is greater than g/b, and the second is 

greater than g/a; that is to say :—The mode in which the 

displacements are opposite is quicker than either pendulum alone. 
For the other mode, we have 


g 1\ _g as 


The first value shows that 1,? is less than g/b. The second 
value shows that it will be less than g/a if s+(1—4,) as/b is 
negative, that is if k; is greater than 1+0/a ; and this con- 
dition is always fulfilled, for the substitution of this value of 
k in the quadratic gives an opposite sign to the substitution 
of a very large positive quantity. Hence the mode in which 
the displacements are similar is slower than either pendulum 
alone. 


The physical meaning of the result 4; >1+6/a is that, in 
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the mode in which the displacements are similar, the lower 
string is more inclined to the vertical than the upper. 

When a is infinite, —k, is —1/s, and Q,” is (1+8)9/d. 

When 6 is infinite, & is zero, and 0? is (L+s)g/a. 

In the former case, the lower string rotates about the 
common centre of gravity as a fixed point, so that the virtual 
length of the pendulum is }/(1+s). In the latter, the lower 
string simply alters the downward force on the upper mass 
from g to (1+s)g. 

§ 11. When the ratio s of the lower to the upper mass is 
very small, and @ and 6 are not approximately equal, the 
quadratic (29) may be written 


pen ate cya x snp. . (32) 
as s 


Neglecting the first term (which is small compared with 


the others), we have 
a 


~a—b’ 
as the approximate value of one root. It is the value obtained 
by putting s=O in the general quadratic, and is identical 
with the value of & obtained by supposing the point of support 
constrained to vibrate like a pendulum of length a. The 
other approximate root is ‘ 

—a 


— . 
= 3 


as 


k 


for the product of the two roots must be —1/s. 

It will be noted that the first root makes the excursions of 
the two pendulums comparable with one another ; whereas 
the second root makes the excursions of the upper very small 
compared with the lower. 

The closest approximations to the values of 7 are got by 
employing in connexion with the first root the formula 


o7= 2 {its+ at, 
a b 
and in connexion with the second root the formula 


29,1 
= 71 k 
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The specifications of the two modes will accordingly be 


First Mode. Second Mode. 
a b—a 
kp ‘an sa’ t (33) 
oaZ(14 sb ) a= F (1+ sa ) | . 5 
a b—al b a—by } 


The first mode nearly agrees in period with a pendulum of 
length a, and the second with a pendulum of length 6. 

The two values of k are obviously opposite in sign. The 
positive & always makes ©? less than the lesser of g/a and g/d, 
and the negative * makes it greater than the greater, in 
accordance with the general rule. When a is infinite one 
value of Q? is (1+s)g/b, and when 6 is infinite one value 
is (1+s)g/a, as previously found for the general case. 

§ 12. The results obtained in the preceding section agree 
with the statements contained in Lord Kelvin’s paper* “ On 
the Rate of a Clock or Chronometer as influenced by the 
Mode of Suspension,’ some of which are quoted in recent 
editions of Tait and Steele’s ‘ Dynamics.’ 

Lord Kelvin selects the second mode as the practical mode 
for a pendulum supported on a yielding stand, presumably ~ 
because the amplitude of the pendulum in the first mode is 
comparable with that of the point of support and therefore 
inappreciable. He also selects it as the practical mode for an 
ordinary spring clock suspended like a compound pendulum 
from a fixed axis; presumably because the escapement would 
not work with such an enormous departure from correct time 
as the first mode would involve. 

On the other hand, Lord Rayleigh, in a paragraph which 
is often quoted in discussions on anomalous dispersion, ignores 
the second mode and adopts the first. The justification seems 
to be that his argument relates to the behaviour of the upper 
pendulum, and that in the second mode the excursions of the 
upper pendulum are infinitesimal. 

in the first mode, the ratio of the amplitude of the upper 
to that of the lower pendulum is 1/k=(a—b)/a, which may 
be small, but not negligible, and the ratio of the changed 


* Glasgow, Trans. Inst. Engin. x. 1867, pp. 139-150. 
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to the natural (frequency)? for the upper is 1+<sb/(b—a). 
The upper pendulum is therefore quickened if b—a is positive, 
that is, if the lower pendulum is naturally the slower, and is 
retarded if the lower pendulum is naturally the quicker. 
Lord Rayleigh suggested many years ago that the paradoxical 
appearances presented in “anomalous dispersion”’ are due to 
an action analogous to this. In anomalous dispersion there is 
always excessively strong selective absorption, evidenced by 
a black band in the spectrum produced by a prism of the 
anomalous substance; and the colours which are not thus 
blotted out are displaced from their usual order. A general 
statement of the facts, which has been deduced from the 
comparison of a number of anomalous spectra, is that, in 
passing through the colours of the ordinary spectrum from 
red to violet, the refractive index is increased where the 
absorption increases rapidly, and diminished where absorption 
diminishes rapidly. In the case of iodine vapour, red is thus 
rendered more refrangible than blue and violet. 

According to Lord Rayleigh, we are to regard the vibrating 
ether as analogous to the heavy upper pendulum, and the 
vibrating molecules of the substance to the light lower pen- 
dulum. The colour which is absorbed is the colour which 
has the same frequency as the molecules of the substance. 
Colours which, in the ordinary spectrum, are on the red side 
of the absorbed colour have lower frequency than the mole- 
cular vibrations. This is the case of “upper pendulum 
naturally the slower,” and the resultant vibration will be 
slower still. Lord Rayleigh calls this effect an increase in the 
‘“‘ virtual inertia ” of the upper pendulum. I subjoin Lord 
Rayleigh’s own words (Phil. Mag. xliii. p. 822), which are 
quoted in full in Lord Kelvin’s ‘ Baltimore Lectures,’ and 
are paraphrased in Preston’s ‘ Light. Professor Preston 
identifies the “‘ pendulum” in the quotation with the lower 
of the two, and the “point subject to horizontal vibration ” 
with the bob of the upper; and this is also my own under- 
standing of the passage. 

“The effect of a pendulum, suspended from a point subject 
to horizontal vibration, is to increase or diminish the virtual 
inertia of the mass, according as the natural period of the 
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pendulum is shorter or longer than that of its point of sus- 
pension. This may be expressed by saying that, if the point 
of support tends to vibrate more rapidly than the pendulum, 
it is made to go faster still, and wce versa. 

“Below the absorption band, the material vibration is 
naturally higher, and hence the effect of the associated matter 
is to increase (abnormally) the virtual inertia of the zther, and 
therefore the refrangibility. On the other side the effect is 
the reverse.” 

The latter part of the passage is to me somewhat obscure. 
The analogy seems to point to a change of frequency, but 
instead of this we have a change in velocity of propagation. 

§ 18. When a—b approaches zero, the foregoing approxi- 
mation is insufficient, and the following investigation is 
preferable. 

If the coefficient of & in the quadratic (29) vanishes, we have 


pe io? = i 
a4? Fave | 

(34) 
OP=5 — Vs), OP=F (1+ Vs), | 


As s, being the ratio of the masses, cannot be negative, these 
conditions require a—b to be positive, and s will lie between 
the limits Q and 1. We shall have 


«=A cosQ,t+B cos (O,t—a), 
ut 
é= as cos 0,t—B cos (Qxt—a)? | ey) 


and if the initial values of #, &, and x are zero, we have a=0, 
A=-—B; hence 


x=A (cos 0,¢ — cos 0,1), 
| (36) 


A 
f= We (cos Q,¢+ cos Oxf). 


If sis small, Q, and Q, are nearly equal, and each pendulum 
oscillates with amplitude varying between zero and a maxi- 
mum, the maximum of one coinciding with the zero of the 
other. The maximum amplitude is 2A for 2, and 2A/Vs 
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for &. The phases are, at first, a quarter-period earlier for £ 
than for x. (See equations (26).) 

If the initial conditions are altered by making & vanish 
instead of w, the plus and minus in the expressions for # and ¢ 
will be ae era and the phases will, at first, be a quarter- 
period earlier far # than for & the equations being now 
reducible to the forms 


ae cos $(Q,—0,,)t. cos (0, +0, )E, 
p= > sin 4(0,—Q,)¢ . sin (0, 4+ 0,)e. ‘ ad 

This investigation applies to the experiment described in 
Rayleigh on Sound, 2nd edition § 62; but the experiment 
appears to have been stopped as soon as the lower pendulum 
attained its first maximum. 

§ 14. Sellmeier (Pogg. Ann. vol. exlv. p. 534) refers to 
the transference of energy which goes on from one pendulum 
to the other when the eis vanish alternately, and 
maintains tbat a similar transference of energy between par- 
ticles embedded in the ether and particles of a fluorescent 
body is the cause of fluorescence. He works out the case in 
which sis small, a=d, and one of the pendulums is initially at 
rest in the zero position. 
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XIX. On the Circulation of the Residual Gaseous Matter in a 
Crookes Tube. By Avan A. CAMPBELL SwINTON*. 


THERE appears to be generally some doubt as to the way 
in which the particles or atoms that form the cathode- 
rays in a Crookes tube return again to the cathode. It is 
obvious that they must return, as otherwise they would all 
become collected at one end of the tube, and the cathode 
would soon be surrounded by an absolute vacuum. By some 
it has been supposed that the atoms return by ordinary dif- 
fusion in the intervals between the succeeding electrical 
discharges; by some that they creep back along the inner 
surface of the glass walls of the tube; by others that they 
return during a discharge through the space between the 
cathode-rays and the glass. Further, there is the question 
whether the returning atoms carry any portion of the positive 
electricity from the anode to the cathode, similarly as part at 
any rate of the negative electricity is believed to be carried 
from the cathode to the anodic portion of the tube by the 
cathode-ray atoms. 

In his 1891 Presidential Address to the Institution of 
Electrical Engineers, Sir William Crookes described a tube 
which was divided into two halves by a diaphragm pierced 
with two small apertures. Near each aperture was mounted 
a small wheel with vanes to detect and show the direction of 
any stream of atoms that might pass through. It was found 
that when the cathode was caused to project rays through one 
aperture, the rotation of the wheel at the other aperture showed 
the atoms in the act of returning. 

In this tube, however, both anode and cathode were on the 
same side of the diaphragm, the anode being behind the 
cathode. So the experiment cannot be said to decide the 
existence of a true anode-stream, but merely to demonstrate 
that the action of the cathode-stream was to create a differ- 
ence of gaseous pressure in the two halves of the tube which 


relieved itself by a current of atoms through the spare aper- 
ture in the diaphragm. 


* Read March 25, 1898. 
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Bios 1 


The writer, with the assistance of Mr. J. C. M. Stanton 
and Mr. H. Tyson Wolff, has investigated the matter further 
by means of a series of tubes, one of which is illustrated in 
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fig. 1. In this tube, which is very highly exhausted, we 
have as two electrodes a concave aluminium cup and an 
aluminium plate placed opposite to one another, as in an 
ordinary focus-tube. As will be seen, there is also a supple- 
mental wire electrode at one side. Inside the tube is a very 
delicately pivoted radiometer-wheel with mica vanes, which 
is so mounted on a sliding-rod that by simply shaking the 
tube the wheel can be moved out into the centre, as indicated 
by the dotted lines, so that the cathode-stream impinges 
directly upon the vanes, or can be moved back to the position 
shown in full lines in the illustration, when the vanes are 
quite out of the cathode-stream. When the wheel is in the 
former position the tube acts exactly as an ordinary Crookes 
electric radiometer-tube, the wheel rotating one way or 
another in the direction of the cathode discharge as the con- 
cave cup or the flat-plate electrode is made cathode, the 
rotation being much more rapid in the latter than in the 
former case. 

On the other hand, if the wheel is moved well out of the 
cathode-stream, provided the exhaustion is high enough, it is 
found to rotate in the opposite direction to the cathode-rays, 
that is to say, in the direction that indicates an atomic stream 
from anode to cathode round the outside of the cathode-stream. 
The rotation will only take place with high exhaustion, and is 
never so rapid as in the previous case when the vanes were 
in the cathode-stream ; but it is faster and faster the higher 
the exhaustion, and at very high vacua the speed is very con- 
siderable. The wheel rotates whether the concave or the flat 
plate is made cathode, but in either case in a direction oppo- 
site to what it did when in the cathode-stream. 

Very little electric power is necessary to show this effect. 
With a sufficiently high vacuum a small Wimshurst machine, 
passing so little current through the tube that scarcely any 
fluorescence is visible, will cause the wheel to rotate at a 
speed of many turns per second; and rotation can even be 
produced by the mere approach of two oppositely charged 
leyden-jars to the terminals of the tube. 

Further experiment appears to show that the rotation is 
really due to a stream returning round about the cathode- 
stream from anode to cathode, and that the atoms or particles 
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of which this stream consists are positively charged. In the 
experiments so far described the anode was also the anti- 
cathode ; and it is obvious that the stream might not be truly 
an anode-stream, but merely a reflected or splashed cathode- 
stream. It is, however, found that if the flat plate used as 
anode he earthed, or if the plate be disconnected from the 
electrical source of power, and used merely as an anti-cathode, 
the spare electrode already alluded to opposite to the wheel 
being employed as anode, the wheel refuses to rotate, though 
rotation recommences immediately in the first case when the 
earth-connexion is removed, and in the latter case when the 
anode and anti-cathode are connected together. This appears 
to be fairly conclusive evidence that it is a stream projected 
from the anode that causes the rotation of the wheel. It 
might, however, be argued that this stream, though coming 
from the anode, is in reality a cathode-stream due to oscil- 
lations in the electric discharge causing the anode to be at 
times negatively charged. Against this view it should be 
stated that the effects are produced quite as well by the silent 
discharge from a small Wimshurst machine as with Ruhmkorff- 
coil discharges. It has further been noted that the wheel 
rotates in the proper direction with either the flat plate or the 
concave cup employed as cathode, the other being used as 
anode; and any cathode-rays given off by the concave cup 
would be concentrated, and could not therefore reach the 
wheel in the position in which it is used to show the stream 
from the anode. Again, it might be supposed that the ro- 
tation is due to heat-radiation from the anti-cathode. In this 
case, however, the rotation should occur when the side anode 
is employed, which, as mentioned, is not the case. Further, 
even when such powerful discharges are used as to make the 
anti-cathode visibly red hot, the rotation of the wheel ceases 
almost immediately the current is interrupted, the movement 
that continues being obviously due to the momentum of the 
wheel. 

The experiments therefore appear to establish the existence 
at high exhaustions of a true anode-stream which travels from 
the anode to the cathode, just as does the cathode-stream 
from the cathode to the anti-cathode, the anode-stream passing 
round the exterior of the cathode-stream at a considerably 
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lower velocity than the latter, but ata greater and greater 
velocity the higher the exhaustion. : 

It also appears that while, as is well known, the cathode- 
stream is negatively charged, the anode-stream is charged 
positively. 

For the purpose of ascertaining this a tube fitted with 
exploring-poles, as used by Sir William Crookes, was em- 
ployed. These poles were, however, somewhat differently 
arranged to any described in Sir W. Crookes’s papers, while 
the exhaustion, which was taken to the degree required for 
Réntgen-ray work in which the negative dark space appears 
to fill the whole tube, was probably much higher than that 
Sir W. Crookes employed. Such a tube is illustrated in 
fig. 2, and contains the usual aluminium cathode-cup and 
anode-plate. The exploring-poles consist of aluminium wires 
tipped with platinum plates enclosed in glass tubes, which are 
blown out into small bulbs at the free extremities so as to 
contain and shield the platinum plates, the bulbs having, how- 
ever, each an aperture exposing the platinum on one side. 
One platinum plate is arranged just opposite to the centre of 
the cathode-cup, and the aperture in its containing glass bulb 
faces the cathode so that the cathode-rays can impinge upon 
the platinum. The other and shorter pole has its platinum 
plate well to one side of the cathode, and has the aperture in 
its glass cup turned away from the cathode towards the anode. 
Experiments were conducted with this tube highly exhausted 
and excited by means of an induction-coil, the polarity of the 
two exploring-poles being ascertained by means of a quadrant- 
electrometer. With the aluminium cup as cathode and the 
plate as anode, the longer exploring-pole, which has its bare 
extremity facing the cathode-stream, was found invariably to 
be charged negatively, while the other and shorter exploring- 
pole was found always to be charged positively. This was 
found to be more and more distinctly the case the higher the 
exhaustion. 

It seems therefore that at high vacua at any rate some 
portion of the positive electricity passing through the tube is 
carried by the positively charged atoms or particles that form 
the anode-stream. Very probably at lower exhaustions the 
electric discharge passes through the tube chiefly by an inter- 
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change of electrical charges from molecule to molecule on the 
Grothiiss chain principle. At very high exhaustions, however, 
when the mean free path becomes considerable, this may cease 
to be the case, at any rate to a large degree; and there may 


be to some extent a regular and complete circulation of the 
positively and negatively charged atoms, some of which may 
make the entire journey from anode to cathode, or vice versd, 
and deliver up their charges not by interchange with other 
gaseous atoms, but by direct convection to the electrodes of 
opposite sign. 
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‘It may be mentioned that for showing the movements of 
the streams a tube of the form illustrated in fig. 1 is not 
essential, the anode-stream being equally well marked in a 
tube of the ordinary globular form, provided the wheel is 
mounted so as to be half contained within a glass cup arranged 
so as to prevent the stream acting equally and oppositely upon 
the vanes upon diametrically opposite sides of the wheel, as 
shown in fig. 3. Further, it is not necessary to employ the 


Fig. 3. 


sliding adjustment for the wheel, as the effects can be shown 
equally well by means of two separate tubes, one with its 
wheel in the forward position and the other with its wheel in 
the back position. The two tubes can be operated simulta- 
neously by connecting them in series. 

It should also be stated that for these experiments extremely 
high vacua are requisite, and that with a Ruhmkorff coil as 
the source of electrical power the effects can only be shown 
satisfactorily with the tube connected to the mercury-pump, 
for the reason that the discharges from the coil inevitably 
bring down the vacuum very quickly, apparently by their 
action upon the mica vanes, which are visibly affected when 
the cathode-stream from the concave cup is allowed to fall 
upon them. Using a small Wimshurst machine, however, 
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the effects can be shown atter the tube has been sealed off, 
though even then with use the vacuum appears to deteriorate 
in a short time. 


Discussion. 


Prof. Boys said he did not feel altogether convinced by 
the experiments that the rotation of the mill was due to 
simple mechanical motion of the particles of matter between 
the electrodes. The weight of air left in the tube at such 
high degrees of exhaustion was extremely small; it was 
difficult to realize that its impact could produce the sudden 
mechanical effect observed at the moment of the reversal of 
the rotation of the mill. 

Mr. Wiusuourst thought it important to keep in mind the 
existence of mercury vapour in the tube. He also referred 
to some experiments in which a bar of metal was used to 
explore a focus tube, by observations of the changes of 
luminosity produced in different positions. 

Dr. CHREE said that if the rotations of the mill could 
be shown to indicate a velocity of the particles, of the same 
order as that observed in Crookes’s experiments, it was safe 
to assume the existence of a similar cause. This might be 
important in deciding as to the general truth of the bom- 
bardment theory of Crookes, He asked whether the rotation 
had been investigated within the dark space around the 
cathode. 

Mr. AppLeyArD suggested that in tracing the cause of 
the rotation, it would lead to simpler results if the vanes of 
the mill were made of some light conducting substance. 
Mica introduced difficulties, owing to its retention of the 
charges. 

Prof. Boys pointed out that this could be done by gilding 
the mica. ; 

Mr. CampBELL Swintoy, in reply, said that the objection 
raised by Prof. Boys to the mechanical theory of the rotation 
would apply equally to the whole theory of electro- radio- 
metry, including the case of the mill used originally by 
Crookes in the direct path of the cathode stream. But it 
must be remembered that, although the mass of matter 
present within the tube was very small, its velocity was 
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proportionally great ; it was of the order of 9000 kilometres 
per second. Hence, the contained matter might be conceived 
as capable of producing the observed acceleration, and 
Crookes’s bombardment theory might safely be adopted as 
a good working hypothesis. In the tubes used for these 
experiments, the exhaustion was carried so high that the 
negative dark space appeared to fill the whole tube. He 
had, so far, only tried mica for thé vanes, but he thought it 
would be important to observe the results with a substance 
that did not retain the charges. 


XX. Some Further Experiments on the Circulation of the 
Residual Gaseous Matter in Crookes Tubes. By Auan A. 
CAMPBELL SwinTON*. 


In the discussion which followed my former paper on this 
subject some objection was taken to the use of a non- 
conducting substance, 7. e. mica, for the vanes of the mill 
which was used to detect the circulation of the ultra-gaseous 
matter, it being suggested by Professor Boys that the rotation 
produced might be the result of electrification of the vanes. 
It was further suggested by Mr. Appleyard that gilding the 
vanes, so as to make them conductive, might modify the 
effect. 

Mr. Wolff has now constructed for mea tube similar to 
fig. 1 of my former paper, but with the mica vanes gilded and 
mounted on a brass cap revolving upon a steel needle-point 
connected with a wire and terminal, so that the vanes can 
readily be earthed. 

In this condition, and with the vanes so placed as to be 
outside the cathode-stream, it is found that this wheel behaves 
in a similar manner to the former non-conducting and insu- 
lated wheel. It shows a greater tendency to assume a position 
of stability, due evidently to electrostatic induction; but 
though this renders it sometimes rather troublesome in starting 
still when once under weigh it will continue to rotate as ene 


* Read May 27, 1898, 
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as the tube is excited. It will occasionally, when starting, 
make a few reverse revolutions, due probably to electrostatic 
influence and momentum, and also possibly to eddy-currents 
in the residual gaseous matter; but it is found that when it 
does this it invariably reverses its rotation almost immediately, 
and proceeds to rotate more and more rapidly in the direction 
that indicates a stream of residual gaseous matter passing 
from the anode to the cathode. Usually, after one or two 
oscillations, it starts immediately to rotate in this direction. 

An electrometer connected to the wheel through the pivot 
and needle-point shows that the vanes are always positively 
electrified. 


l 
se 
& 


In order further to investigate the matter, I have had con- 
structed another form of radiometer-tube, as shown in the 
accompanying illustration. Here the vanes (of mica) are 
inclined, and the axis is parallel to the line joining the cathode 
and anode. The wheel thus rotates in a plane at right angles 
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to the cathode- and anode-streams ; and it is difficult to see 
how electrification of the vanes should in any way assist its 
rotation either in one direction or in another. 

The wheel is arranged so that the vanes are all outside the 
cathode-stream, and when the tube is excited it is found inva- 
riably to rotate in a direction indicating a stream from anode 
to cathode. Concave aluminium cups are used for both 
electrodes, and the direction of rotation of the wheel is found 
immediately to reverse when the positive and negative con- 
nexions are transposed. 

These experiments consequently confirm the hypothesis 
suggested in my former paper, that at very high exhaustions 
there exists a molecular or atomic stream from anode to cathode 
which carries a positive charge and travels at considerable 
velocity outside of the opposite cathode-stream. 


DIscuUssION. 


Mr. J. Quick asked what was the minimum degree of 
exhaustion required to produce these results. 

Prof. Boys said that the experiment gave some amount 
of probability to the truth of Mr. Campbell Swinton’s hypo- 
thesis, but it did not altogether prove the mechanical theory 
of rotation to be correct. He was glad that a chance 
suggestion at the last discussion has led to such interesting 
experiments being continued. 

Prof. THRELFALL mentioned that Boettger had devised a 
method for gilding mica, by a chemical process, that was 
much to be preferred to ordinary gilding. 

Mr. CampseLL Swinton said it was necessary to exhaust 
the tubes as completely as possible ; to a point where it was 
only just possible for any discharge at all to pass through 
them. If the rotation was due to electrification, there must 
still be some mechanical process whereby the charges get to 
the vanes—a stream of residual gas satisfied that condition. 
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XXII. On a Method of viewing Newton’s Rings. 
By T. C. Porter *. 


Ir rays of light (here supposed parallel to each other) pass 
through a rectangular slit A (fig. 1) and fall upon a piece 
of plate-glass of the same thickness as the width of the 
slit or greater, and if we observe the reflexion of the slit, it 
appears thus :— 

icesle 


ae A 
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A,, A, being the first reflexions of A in the upper and lower 
surfaces of the glass. If the glass plate be viewed more 
obliquely, other reflexions, which for the present we shall 
neglect, will appear, all of them lying below A. If a second 
glass plate be added below the first, but separated from it by 
an interval, two more images of A will be seen below Ay, Ag, 
caused by the reflexion of A in the upper and lower surfaces 
of this second plate, A;, A, in fig. 2. If now the lower glass 
plate be moved up till its upper surface is in contact with the 


Fig. 2. 
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lower surface of the upper plate, the two reflexions A3, A, will 
be seen to move up with it till, when the two plates are in 
contact, A; coincides with A,, and the appearance of the 


* Read April 22, 1898. 
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images is that represented in fig. 8. It is evident that the 
middle image is caused solely by the light reflected from the 
lower surface of the upper plate, and from the upper surface 
of the lower plate. If we substitute for the two glass plates 
the apparatus generally used for exhibiting Newton’s rings, 
we can in this simple way view the rings by light coming 
from the two interior surfaces only, and thus completely free 

Fig. 3. > 
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from either light reflected from the upper surface of the 
upper plate, or from the lower surface of the lower plate. 
Thus viewed, the central area appears of a velvety black 
and the colours of the rings exceedingly brilliant. The whole 
experiment can be easily projected, and the difference in the 
appearance of the rings on the screen with and without the 
slit is very striking. But the interest of the method does not 
end here; for besides affording an easy and obvious proof 
that the rings are caused by two reflexions, one at each of 
the two inner surfaces, and, under these circumstances, by 
these two reflexions only, it also supplies a method of seeing and 
distinguishing the interference-curves caused by light which 
has undergone 1, 2, or 3 reflexions (forming the ring-system 
usually seen, and named after Sir Isaac), and the curves 
formed by the interference of rays which have suffered 4, 5, 
and 6 reflexions or more. For if the reflexion of the slit in a 
single glass plate be viewed more obliquely, as suggested 
before, the images are arranged as in fig. 4, where B, is caused 
by light which, originally reflected from the lower surface of 
the plate, has undergone a second reflexion from the upper 
interior surface, and a third from the lower interior surface of 
the plate. Similarly, the light by which B is seen has under- 
gone five internal reflexions ; C has undergone seven; ©, nine; 
and soon. Now when the second plate is added beneath the 
first it gives rise to a similar series, but more complicated 
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from the fact that the second plate’s reflexions are not only 


caused by its internal surfaces but also by its external upper 
surface, 


The course of the rays forming the first few reflexions is 
easily seen from fig. 5. By backing the plate in the usual 
way we can practically suppress the reflexions from the lower 
internal surface of the lower plate; and since A, is the sole 
reflexion from the upper surface of the upper plate, it follows 


Fig. 6, 
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that we see in Ag, B,, B,, &., the results of reflexions in (a) 
the internal upper surface of the upper plate, ()) the internal 
lower surface of the upper plate, (c) the external upper sur- 
face of the lower plate, and possibly (d) the external lower 
surface of the upper plate (vzde fig. 8). 

Of (a), (b), and (c), the images Ag, B,, Bg, C,, C2 contain 
rays which have undergone reflexion at these respective sur- 
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faces the number of times under the corresponding letter in 
the subjoined table. 


(a) (0) (c) 
Bige seacinemea 0 iL if 
D2 see 1 Z, 2 
Bis sete 7 3 a 
OR aoe 3 A 4 
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Now since the phase of a light-wave loses half a wave- 
length in the act of being reflected in a denser medium, and 
since the sum of the three rows is odd for each strip such as 
B,, the light which forms the figures seen in each image of the 
slit will in every case lose an integral number of wave-lengths: 
it follows that if the centre of the primary rings is black or 
coloured, so far as this consideration is concerned, the centres 
of the secondary and tertiary rings will also be black or 
coloured. B,, Bz, Cy, Co... . will therefore each contain a 
reflexion of the primary rings, growing weaker and weaker 
in intensity, not only from the loss of light at each re- 
flexion but also from absorption, and perhaps from the 
scattering of a very small fraction of the light by solid par- 
ticles of dust or air-bubbles, which are wont to occur even in 
the clearest glass. The effect of the curvature of the lower 
surface of the upper plate will be to displace these repetitions 
of the primary rings a little downwards. It is clear that any 
rays which once completely interfere are cut out once for all; 
and it follows that any interference-curves which appear for 
the first time in any particular image of the slit must be the 
result of light which has hitherto escaped interference: e. g. 
if we look at the image B,, besides the reflexion of the primaries 
there is a series of rings which are exact continuations of the 
primaries ; and, moreover, these continuations can be traced, 
though the observation is not an easy one, right across the 
reflexion of the black central spot which occupies the centre of 
the primary rings. If this be not due to light scattered in the 
body of the glass itself, it must prove that the interference 
which causes the black spot at the primaries is not complete, 
though very nearly so. In making this observation the eye 
must be screened from all light except that which comes 
from the black spot in B; and it must be borne in mind that 
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care is necessary to avoid the smallest particles of dust between 
the two plates. If there are any of these, they cause white 
specks in the black area, and in tts reflexion in B, and will 
obviously make it easy for the eye to follow the black con- 
tinuations of the primaries across the reflexion of the spot. 
The writer is of opinion that the interference is not complete. 
It seems worth notice that when the plates are very clean the 
darkest area of the black spot has a sharply defined edge, 
recalling the character of the black film of a soap-bubble. If 
there is a species of welding together of the molecules of glass 
at the black spot, with molecules of the gases of air mecha- 
nically entangled, the blackness would be explained, since the 
light can pass through without leaving the glass medium; 
and, on the other hand, the entangled air being, as it were, 
pulverized, would reflect irregularly. The fact that the edge 
of the spot is very sharply defined shows that it is not only the 
effect of the difference of wave-length. As the black spot is 
approached in the plane of the rings, the light does fall off 
gradually up to a certain point, at which the shade is a dark 
grey, but then passes “per saltum,” to the velvety black 
before alluded to. 


Fig. 6. 


To explain how it is the continuations of the primaries 
are seen in B (vide fig. 6), see fig. 7, where /m is one 
of the rays of white light coming through the slit, reflected 
at the uppermost surface at m, giving the image A, then 
transmitted through the upper plate to a and accompanied by 
light reflected from the upper surface of the lower plate, which 

M 2 
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has not interfered with it. At aa part of the ray is reflected 5 
the rest is refracted into the air-space, undergoes reflexion 
at b, another refraction at c; and is then transmitted to d 


Fig. 7. 
SP  e Va ta 


unless destroyed by interference: there, part is refracted into 
the air and forms one of the bright primaries; but a consi- 
derable part is reflected to h and g, the two reflected rays there 
interfering for the first time, and generating the continuations 
of the primary rings; for it is evident that light reflected from 
d might, so far as its effect at kis concerned, have been origi- 
nally incident at d, in which case it certainly would have 
generated the continuations of the parts of the primary rings 
observed in A. Thus B will show (1) a reflexion of the 
parts of the primaries seen in A, and (2) continuations of the 
primaries. It is now perfectly obvious that the image B, 
(fig. 5) ought to exhibit:—(1) Faint continuations of the 


Fig. 8. 


LOWER PLATE 


primary rings, produced by light which has escaped inter- 
ference inc and h (fig. 8), but has interfered for the first 
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time at s, and has therefore the same effect as if it had been 
originally incident at f. (2) Continuations of the first re- 
flexion of the primaries visible in B;. These continuations 
are caused by light which has escaped interference as far aso, 
and is the result of the internal reflexion at d, i. e. the rings 
occupy the same position as if the light had been originally 
incident at d. (3) A new reflexion of the primary rings, 
first caused at c, and reflected at d, g, f, s. 

Observation shows these three sets of rings in Bz (vide 
figures 6 and 9, fig. 9 being added to make plain the 
arrangement by which fig. 6 was obtained), and no more. 
In the same way we can predict exactly what the inter- 
ference systems will be like in C,, C,, &. We have not 
yet made any attempt to examine the effect of the re- 
flexions classed under (d), p. 161. If we look at fig. 8, which 
is part of fig. 7 on a larger scale, we see that reflexions take 
place at c, y, z, w, v: now if the path a 0 ¢ causes the part 
of the ray ma which takes it to be an odd number of half 
wave-lengths behind that part of nc which is reflected at ¢ 
in the direction ed, and thus causes interference in cd; then 


Rta 
Zi 


cy z will cause the ray abcyz which is reflected at ¢ to be 
very nearly an even number of half wave-lengths behind the 
incident ray oz, and therefore this ray will increase the bright- 
ness of zp: similarly in v q the residual light which reaches v 
by the path abe yz wv must be an odd number of half wave- 


1660 MR. T. C, PORTER ON A METHOD 


lengths behind the light in sv, and will therefore interfere: 
but since in every case the diminution in intensity caused by 
these reflexions at abc yz must be rapid, it is practically only 
the reflexions abcyz that can result in visible phenomena. 
If the region from a to v produces, on the whole, one of the 
dark rings (using monochromatic light), then if zp, regarded 
as part of ney zp and of oz, be the darkest part of the ring, 
where interference is a maximum, nevertheless at z the part 
of the ray from a, namely ab cy z, will reinforce the reflected 
part of the ray o zp, and make the interference less complete 
than it would otherwise have been; and, similarly, a bright 
ring will not be quite so bright as it would be if there were no 
reflexions in the air-space. In short, the last-considered 
reflexions superimpose upon the primaries another set not in 
general coincident with them, and therefore in general 
weakening their intensity. 

It is also evident, since the more refrangible the light em- 
ployed, the smaller the diameters of corresponding rings, if we 
use white light for the generation of the rings and the sub- 
ordinate systems, we can predict the result: for colour will be 
visible in any of the images of the slit B,, B,, C;, Co, Ke. at the 
points of intersection of the dark curves when it has faded 
elsewhere. Hence co-major-axial hyperbolic broken lines of 
colour must result, since the various sets of curves in mono- 
chromatic light are intersecting systems of circles whose 
centres lie in one straight line. As the systems considered lie 
more and more remote from the primaries, the first hyperbola 
formed will be intersected by others, their numbers ever in- 
creasing, till, finally, the whole space considered is so full of 
them that it seems everywhere pervaded by faint white 
light. 

The results obtained by the. experiments described in this 
paper may be briefly stated as follows :— 

(1) The method gives a very simple method of viewing 
Newton’s rings by the light emitted from the two 
interior surfaces of the glass plates, free from all other 
light, except only that due to reflexions in the air- 
space. 

(2) It reveals to the eye (for the first time) the subordinate 
interference systems which coexist with the primary 
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rings, and demonstrates which of these reflexions must 
be taken into account in framing the theory of the 
rings as they are generally viewed. 

(3) It supplies a method of analysing these systems ex- 
perimentally. 

(4) It shows that most probably the interference of mono- 
chromatic light in forming the rings is never absolutely 
complete, though very nearly so. 


Norr.—The photograph (fig. 6) of the interference systems was 
taken by the light of sodium chloride, volatilized in a Bunsen flame. 
The exposures being for A,, B,, and B,, 10 min., 60 min., and 240 min. 
respectively. The thickening of some of the lines at certain points 
in B, and B, is due to the faint blue light of the Bunsen burner. 
It is most noticeable in the immediate neighbourhood of the central 
spot. The plates used were Edwards’s isochromatic medium, stop 
f/8. The illustration is an enlargement from 14 in. x 4 in. 


Eton College, Windsor. 
March 11th, 1898. 


Discusston. 


Prof. HerscuEn said it was rather difficult to follow the 


arguments ot the author without witnessing the phenomena. 
Much complication was introduced by the successive re- 
flexions ; it was not clear what became of them. There was 
no doubt as to the advantage of a narrow slit for the 
illumination. He thought some of the secondary reflexions 
might be got rid of by using plates that were slightly 
prismatic. 

Prof. Tuompson had, in his own laboratory, verified the 
advantages of the author’s method of illumination. The 
result was a very sharply-defined first system of rings. 
Curves of subordinate interference were easily to be observed 
by this arrangement. 

Prof. Boys noticed in the photograph of the ring-systems 
that the independent systems of bands were distorted at the 
points of intersection. The intersecting curves formed a 
sort of honeycomb, or hexagonal system, instead of a system 
of curvilinear quadrilaterals. This distortion reminded him 
of similar effects observed in the photographs of “ ripples.” 
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Mr. Epszr said he had often noticed similar distortions, 
but he had always been able satisfactorily to explain them as 
being the result of imperfect focussing. The author had 
referred to the fact that a thin film when viewed by reflected 
light appears black. A phase-change of half a wave-length 
takes place either on reflexion at a rarer or at a denser 
medium ; but there is no information from which to decide 
between these two alternatives. The truth of the assumption 
that the phase-change occurs at the denser medium seems 
to depend, so far as experimental evidence is concerned, 
upon the observation that in Lloyd’s bands the central one 
is black. To produce the Lloyd’s bands only one mirror 
is used; the bands produced by Fresnel required three 
mirrors. Wernicke performed an interesting series of ex- 
periments, in which white-light reflected for various angles 
of incidence from a thin sheet of glass was examined spectro- 
scopically. The spectrum was crossed by numerous black 
bands, and from the position of these bands in the spectrum 
the thickness of the glass was calculated. The calculated 
thickness when the angle of incidence was great differed 
from that obtained with small angles of incidence ; the con- 
clusion was that when light is internally reflected, even at 
un angle of incidence less than the angle of total reflexion, a 
phase-change is produced. If the space between the two 
plates in Mr. Porter’s experiment were filled with a substance 
of higher refractive index than glass, a confirmation, or 
otherwise, of this result might be obtained. 
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ea kk Cie eters = Third Paper. 
By Prof. W. E. Ayrton, F.R.S., and T. Marurr *, 


Section A. 


Introductory. 


Unper the above title the authors, in conjunction with 
Dr. Sumpner, read a paper before the Physical Society 
in January 1890f, and gave a list of sensibility-records 
relating to a large number of instruments of various types. 
To facilitate comparison between different instruments, the 
results were reduced to a common standard as regards scale- 
distance, length of a scale-division, periodic time of vibration, 
and resistance, the values chosen for this purpose being, 
respectively, a scale-distance equal to 2000 scale-divisions, 
periodic time 10 seconds, and resistance 1 ohm. The sen- 
sibilities for steady currents were expressed as the number of 
scale-divisions deflexion a current of one microampere would 
produce (assuming proportionality) under the standard con- 
ditions, and the sensibilities for quantity as the swing produced 
by the instantaneous discharge of one microcoulomb when the 
instruments were used ballistically. The resulting numbers 
give a measure of the relative sensitiveness of the various 
instruments when quickness of action is all important. For 
cases where time is of little consequence, and constancy of 
zero (as depending on the controlling forces) is of prime 
importance, the results were modified by appropriately intro- 
ducing the moment of inertia of the suspended systems. 

Our reasons for choosing a scale-distance of 2000 scale- 
divisions and a period of 10 seconds as standard conditions, 
were, that these conditions represented more nearly than any 
other round numbers those under which sensitive galvano- 
meters were generally used. For example, scales of half- 


* Read May 13, 1898. 
+ Proceedings of the Physical Society of London, vol. x. p. 393; 
Phil. Mag. vol. xxx. p. 58. 
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millimetres used at about a metre distance were frequently 
met with, whilst scales of fortieths of an inch used at 3 to 
4 feet distance were quite common. Further, nearly all the 
reflecting-instruments at the Central Technical College had 
long scales with divisions about 37 of an inch placed at about 
6 feet from the mirror. Since 1890, however, scales divided 
into single millimetres have come into much more general use, 
and may now be regarded as the standard type in physical 
laboratories. As the present tendency in galvanometer con- 
struction is to reduce the size of the needles and mirrors, and 
therefore the available light, it is probable that scale-distances 
will decrease rather than increase. We are therefore led to 
believe that a scale-distance equal to 1000 scale-divisions 
(rather than 2000) would be, on the whole, a more convenient 
standard to adopt. Another reason for proposing the change 
is to facilitate the international acceptance of a common 
system ; for we learn from Prof. H. du Bois that our system 
thus modified is to be recommended for adoption at the next 
meeting of the Society of German Physicists and Physicians in 
September next at Dusseldorf. Doubtless some instrument- 
makers will object to the change ; others, we are sure, will 
welcome it, for some have used the proposed standard them- 
selves forsome time. JMillimetres at a metre, as the deflexion 
per microampere, is a convenient way of stating the “ figure 
of merit” of sensitive galvanometers. Moreover, the con- 
version into circular measure is quite simple, 1 division at 
1000 divisions distance corresponding with a movement of 
the suspended system through so/55 of a radian. We would 
therefore suggest that in future all sensibilities be expressed 
in terms of this standard. In the new sensibility-records given 
in Table II. of the present paper we have adopted this standard ; 
and to facilitate comparison of these records with those given 
in our 1890 paper, we have appropriately reduced and cor- 
rected the numbers given in the principal table of the latter 
paper, and embodied them in Table I. 

As regards the standard periodic time, 10 seconds repre- 
sented the average conditions under which sensitive galvano- 
meters were used much more nearly than any other simple 
round number ; hence we decided in 1890 to use this time as 


PROF. AYRTON AND MR. MATHER ON GALVANOMETERS. 171 


the standard period to which all sensibilities were reduced. So 
far as we can see, this is still the most convenient standard 
time, and it has therefore been retained in the present 
paper. 

The reduction to a standard resistance of one ohm has 
proved of considerable value in comparing various instruments, 
and has been frequently used by others interested in the 
subject. The question as to whether the “ square-root law,” 
41. 

Deflexion per microampere « V resistance, 
or the two-fifths power law, 
Deflexion per microampere « (resistance) #, 


should be used in this reduction is still perhaps debatable. 
On the whole, we consider the two-fifths law more nearly 
true over wide ranges of resistance; nevertheless we have 
given the principal results reduced according to both 
systems. 


Recent Improvements. 


Since the above-mentioned paper was published con- 
siderable advance has been made in the construction of 
sensitive galvanometers, more especially in the direction 
of reducing the dimensions of the suspended parts. We 
therefore thought it desirable to prepare a supplementary 
list of records, giving the results obtained on more recent 
instruments. In passing, we may remark that German and 
American instruments of the suspended-magnet type show 
the greatest progress in the reduction of dimensions and 
consequent quickness of action, whilst the d’Arsonval, or 
moving-coil type, seems to have received its greatest deve- 
lopment in England. 

To make the present lists more complete than the original 
one, we have inserted three additional columns, giving 
respectively the period of vibration of the suspended system 
when tested, the logarithmic decrement, and the actual 
sensitiveness of the instruments obtained in the test, reduced 
to standard scale-distance and scale-divisions. From the 
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first two of these columns (Columns 1 and 2 of Table IL., 
pp.176,177) the relative suitabilities of the various instruments 
for ballistic or deflexional observation can be seen ; whilst 
the third column (Column 3, Table II.) shows the actual 
“fioures of merit” of the galvanometers (reduced to 
standard scale-distance) in the condition under which they 
were tested. This latter column is of considerable importance 
in the case of instruments whose controlling couple cannot be 
readily altered—for example, in the case of ordinary moving- 
coil instruments. 

In addition to the three columns above reterred to, we have 
also given in Table V. (p. 186) a list of records relating to 
moving-coil galvanometers used as voltmeters. 

The values of D/r* or D/r® in columns 9 and 10 of Tables I. 
and IJ. express the relative sensibilities of the various instru- 
ments for constant period and constant resistance of coil, when 
the galvanometers are used as ammeters. The same columns 
give their relative merits as voltmeters, provided the resistance 
of the coil is equal to the resistance between the terminals, 
2. e. when the resistance of the connexions is small compared 
with that of the coil. This may be taken to be the case in 
instruments with fixed coils ; but for moving-coil galvano- 
meters it is by no means true, especially when the coils have 
low resistance, for in some instruments the resistance of the 
suspensions is greater than that of the coil. Further, as 
instruments of the d’Arsonval type cannot always have their 
period, and therefore their sensitiveness, easily varied, no 
reduction to constant period or constant resistance has been 
made in Table V.,and the numbers in column 3 (F’) Table V. 
give the actual sensibilities of the respective instruments 
as voltmeters when the scale-distances equal 1000 scale- 
divisions. 

We may again point out (as in our original paper *) that 
the comparison of galvanometers by reduction to constant 
period, scale-distance, and resistance, is a purely electro- 
magnetic comparison, and takes no account of optical magni- 


* Phil. Mag. vol. xxx. pp. 83-84; and Proc. Phys. Soc. vol. x. p. 420, 
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fication, which in some instruments is of a much more perfect 
nature than in others. It is also to be noticed that Table IT. 
contains some records of galvanometers having very short 
periods, e. g. instruments numbered 4, 25, 41, 42, 43, 46, 
and 47; and the results of the tests on these instruments have, 
for the sake of uniformity, been reduced to the same period, 
scale-distance, and resistance, as the galvanometers having 
longer periods. It must not, however, be supposed that these 
short-period instruments could easily have their periodic 
time lengthened to 10 seconds—indeed, in some cases this 
would be practically impossible. But although the values 
given in columns 5, 6, 7, 12, 18, 14,17, and 18 for the above- 
mentioned short-period instruments cannot as yet be realized 
in practice, the ratios of these numbers to those in the corre- 
sponding column for any other instrument give approximately 
the relative sensibilities of the two instruments compared, 
when both have the same short periodic time. To make our 
meaning clearer we will compare instruments numbered 24 
and 43 in Table Il. Referring to column 13 we find the 
values of D/ré for these instruments to be 254 and 985 
respectively, indicating that No. 43 has a “ factor of merit ” 
between three and four times as large as No. 24. This must 
not be taken to mean that No. 43 is actually more sensitive 
than No. 24, but that No. 48 would be more than three times 
as sensitive as No. 24 if the period of No. 24 was reduced to, 
say, q/5 of a second by increasing its controlling field, and the 
period of No. 43 increased to 7 of a second. 
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Explanation of Tables I. and II. 


Column 1 (or T) gives periodic time of vibration in seconds when tested. 

»  2(or r) ,, logarithmic decrement of motion when tested. 

,  8(or F) ,,  deflexion in divisions per microampere (as tested) 
when scale-distance = 1000 divisions. 

5» 4(or r) ,, resistance of coil in ohms. 

» 5(orM) ,,  deflexion in millimetres per microampere when 
undamped period is 10 seconds and scale placed 
as in actual use of the instrument. 

»  G(or D) ,,  deflexion in divisions per microampere when 
undamped period = 10 seconds and scale-dis- 
tance = 1000 divisions. 

» 7 (or S) ,, swing per microcoulomb under same conditions 
as in last. 

»  8(orV) ,, volume occupied by conyolutions of wire, in 
cubic centimetres (approximately). 

» 9(or I) ,, moment of inertia of the suspended system, in 
C.G.S. units (approximately). 

»  l0(orDI) ,, defiexion in divisions ( scale- distance = 1000 
divisions ) per microampere for constant con- 
trolling moments, and for a periodic time equal 

: to 10 T seconds. 

» ll forSI*) ,, swing per microcoulomb under same conditions 

as in last. 

Columns 12,18, and 14 give the deflexion per microampere and swing 
per microcoulomb, when the period is 10 seconds 
and resistance of each instrument is one ohm*, 

Columns 15 and 16 give the deflexion per microampere and the swing per 
microcoulomh, for the same controlling moment, 
the resistance of each instrument being one ohm. 

5 17 ,, 18 give the deflexion per microampere and the swing 

per microcoulomb per cubic centimetre of coil, 
when the period is 10 seconds and the resistance 
of each galvanometer one ohm. 

3 19 ,, 20 give the deflexion per microampere and the swing 
per microcoulomb per cubic centimetre of coil, 
for the same controlling moment, and the re- 
sistance of each instrument equal to one ohm. 
Periodic time of any instrument is 10 T seconds. 


* Column 12 is based on the assumption that the sensitiveness is 
proportional to the square root of the resistance, whilst columns 18, 14, 
15, &c. assume that sensitiveness varies as the two-fifths power of the 
resistance. (See Phil. Mag. July 1800, p. 85 et segg., and Proc. Phys. 
Soc. vol. x. p. 422.) 
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Co mparison as Ammeters. 


On comparing Table IL. of the present paper with the one 
published in 1890 (shown in Table I., pp. 174, 175), it will be 
observed that in columns 12 and 13 (which express the 
factors of merit of the various instruments when time is 
of importance) the values are on the average greatly in- 
creased. For example, the highest values in the 1890 table 
were given by one of Messrs. Elliott Bros.’ Thomson instru- 
ments of special form (see line 4, Table I.), for which D/:? 
was 206°5 and D/rs 493, and these numbers were far above 
any others in the list made out at that time. These figures 
are now surpassed by no less than eleven instruments given in 
the present list (omitting the oscillograph records in lines 4, 
25, 46, and 47); and three of the eleven instruments are of 
the moving-coil type. 
The highest values in the present table (omitting the 
oscillographs previously mentioned) are those given by one 
of Prof. Paschen’s instruments, line 21, Table II., and are 
5800 and 8750 for D/r? and D/r* respectively. We therefore 
see that Prof. Paschen has produced an instrument which, at 
a given periodic time and of a given resistance, is about 
twenty times as sensitive as the best given in our previous 
paper. Other instruments of the moving-magnet type giving 
very high factors of merit are :—— 
(a) Two Paschen instruments. (Lines 20 and 23 of table.) 
(b) Prof. Nichols’ galvanometer*. (Line 11 of table.) 
(c) Smithsonian Institution instrument, designed by Wads- 
worth f and constructed by Messrs. Elliott Bros. 
(Line 15 of table.) 

(2) Prof. W. B. Snow’s bolometer galvanometer ¢. (Line 
10 of table.) 

(e) Two galvanometers by Weiss §. (Lines 18 and 19 of 

table.) 


To show at a glance the character of the improvement, the 


* ‘The Galvanometer,’ by Prof. E. L. Nichols, p. 80. 
+ Phil. Mag, vol. xxxviii. p. 553. 
{ Physical Review, vol. i. p. 37. 
§ CR. vol. exx. p. 728, and Journ, Phys. vol. iv. p. 21: 
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numbers for these instruments are abstracted from the main 
table and put in order of magnitude below, 


Tasxe ILL. 
Values of 
Description. 
~p. D/r?. D/ré 
Paschen’s Galvanometer .............000+ 60 5,800 8,750 
yi pamadgeveameaaee 40 4,280 6,150 
Nichols’ Fe pi espa sosacenodnoosoc 93 2,200 2,730 
Weiss’ fo R aecaeeetanseaeen| | mere 750 
Wadsworth’s. 95, 8 Goesecsosesecces 86 675 1,050 
Weiss’ mes Pe ae myers oS 600 
Snow’s Fh oe Seeecseeen 140 470 770 
Elliott’s Galvanometer (from Table I.)} 6,000 206°5 493 
For the moving-coil instruments, the numbers are 
Description, q. D/r?. D/ré. 
Ayrton-Mather Galvanometer ......... 243 570 985 
» %» eae Seer ee 267 421 735 
” ” iit, = Pl eeaetor 244 3875 650 
Invariable Sensibility Galvanometer ; 
(from 1890 Table) ...eccseeeeses..-. | 21 198 27 


These increases in the factors of merit have been brought 
about chiefly by reducing the dimensions of the suspended 
parts, and the use of better magnet steel has probably con- 
tributed something to the improvement. 

The three moyving-coil instruments which have surpassed the 
highest values of D/r? and D/r> given in our 1890 table are 
of the narrow coil type, the cross-section of the winding being 


“\ ee 
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of the form described before this Society in 1890*, viz., two 
equal circles in contact. 

To attain the results here shown (Table IIT.), the transverse 
dimensions of the coils have been made smaller than usual and 
very powerful permanent magnets employed. When we 
compare the records of these instruments with the best listed 
in our 1890 table (particulars of which are given in the last 
line of the preceding table) the improvement is evident ; for 
whereas the highest value of D/rs given by a moving-coil 
instrument in 1890 was 27, the present highest value is 985. 

It is also interesting to notice that so far as absolute sen- 
sitiveness for current is concerned (7.e. the “millimetres at 
a metre” per microampere, unreduced for period and re- 
sistance) the progress made with moving-coil instruments 
during the last eight years has been considerable. In our 
1890 Table the d’Arsonval of greatest absolute sensitiveness 
as an ammeter was the “ Large invariable sensibility ”’ instru- 
ment given in line 4 of the d’Arsonval section of that list (see 
line 34, Table I.). This galvanometer gave 6°1 divisions per 
microampere, its period being 2°6 seconds, and coil-resistance 
21 ohms. In the more recent list, Table I1., the above record 
is surpassed by no Jess than thirteen instruments out of the 
twenty-one tabulated, the most sensitive d’Arsonval galvano- 
meter to current being one made by Messrs. Nalder Bros. 
& Co., which gives 760 divisions per microampere, its period 
being 12°9 seconds and resistance 1053 ohms (see line 87, 
Table I1.). 

On comparing column 15 of Table IT. with the corresponding 
one in the 1890 Table, which gives the values of DI/ré, 7. e. 
numbers proportional to the deflexion per microampere with 
constant controlling moment +, we observe that no increase is 
perceptible. On the contrary, the numbers in the columns of 
the present table are on the average smaller than in the 
previous one. This is what might be expected from a 
diminution of the dimensions of the moving parts of the 


* “On the shape of Movable Coils,” &c., Proc. Phys. Soc. vol. x. 
p. 376. 

+ See paper on “Galvanometers,” Phil. Mag. July 1890, and Proc. 
Phys. Soe. vol. x. p. 421. 
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instruments. An examination of columns 16 in the two 
tables (values of SI2/7*) leads to a conclusion similar to that 
deduced from a comparison of columns 15, the only instance of 
increased values being in the three narrow-coil d’Arsonval 
instruments just referred to. 

It is perhaps worth while again calling attention to the fact 
of the superior sensitiveness (as ballistic instruments) of gal- 
vanometers with suspended parts having small inertia, a fact 
which is clearly shown by a study of columns 9 and 14 of the 
tables. 


Prof. R. Threlfall’s “ New” Galcanometer. 


Since the paper was read our attention has been directed to 
a very sensitive galvanometer designed by Prof. R. Threlfall, 
M.A. (an account of which is given in the Phil. Trans. of the 
Roy. Soc. 1896, vol. clxxxvii. pp. 80-97), and used by him 
and Mr. J. H. D. Brearley in their ‘‘ Researches on the Hlec- 
trical Properties of Pure Sulphur.” This instrument is in 
many respects a remarkable one. Unfortunately the details 
of the sensibility tests given in the printed paper are hardly 
sufficient to enable us to make the reductions to constant 
period and scale distance, as is done in Table II., so we give 
the results separately below. The tests were made by ob- 
serving the throw produced on reversing a small current 
through the galvanometer, the throws being read by a tele- 
scope at about 267 centimetres from the galvanometer. The 
telescope had a micrometer eyepiece and a glass scale in it 
divided to fifths of a millimetre. 


Throw on rm 
Dain Period in | Current in reversal in ais aS 
ey seconds. amperes. micrometer 1 tang 
divisions. PAVaSLOM: 
) Oct. 17th, 1892. 14:5 4m PY) 35 x 10-12% 
Sept. 1893 ......... 2S Decl mmc 19:3 1:43 107}3f 


* Phil. Trans. vol, 187, line 1 of table vi. p. 95. 
+ Ibid. line 1 of table vi. p. 96. 
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The definition of the optical system was sufficiently good 
to permit the micrometer-scale being read to a fifth of a 
division, so that currents of one-fifth the magnitude of those 
given in the last column of the above Table could be 
detected. 

Oscillographs. 

Oscillographs, or instruments for showing the character of 
rapidly-varying currents or potential-differences, were practi- 
cally unknown when our 1890 paper was read. They have 
become possible by the great reduction of dimensions of 
moving parts which has gone on continuously since that date. 
An oscillograph may be defined as a galvanometer of very 
short period. The short periodic time is usually obtained by 
using very small moving parts and a very strong control. 
In these instruments the reduction of size has been carried 
far beyond what has yet been attempted for ordinary scale- 
reading work. Mr. McKittrick’s* galvanometer has a 
moving system whose moment of inertia is about one- 
millionth of a C.G.S. unit, or about one ten-thousandth the 
inertia of an ordinary lght astatic needle fitted witha 3 in. lyht 
mirror. The record of this instrument is shown in line 4, 
Table II., and line 25 gives the record of another oscillograph 
galvanometer by Messrs. Hotchkiss and Millis f. Both the 
above instruments are of the moving magnet type with soft- 
iron needles adopted for similar purposes by Blondel, Moler, 
and others. ‘Two other oscillographs are given in lines 46 and 
47 of Table II., which are of the moving-coil type, and were 
made by Mr. W. Duddell { of the Central Technical College. 

For convenience of reference the principal numbers relating 
to oscillographs are tabulated separately below, reductions 
being made to a constant period of a thousandth of a second, 
instead of 10 seconds, and the deflexions stated in terms of an 
ampere, instead of a microampere. 


* Trans. A. I. E. E. vol. xiii. Nos. 6 and 7. 

+ Phys. Review, vol. iii. p. 49. In Phys. Rev. vol. iv. p. 128, 
Mr. Millis gives an account of another instrument of very short period. 
Unfortunately the data are insufficient to permit of comparison with other 
oscillographs. 

t See “ Oscillographs,” Electrician, Sept. 10, 1897, p. 688. 
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% TABLE LV. 
ae _ | 1 approxi- djrt. afr. 
Description, iis ue r. inary i 
Hotchkiss and Millis’ ~ 

galy., 1895 Yaedniee 0:256 3l 41 | 22x10 < 228 263 

| McKittrick’s galv., ‘ > 
US CISC pages Abhe 0377. | 1400 |270+ | 10x10~* 600 | 1050 
Duddell’s galv., 1897 .| 0°358 156 13 | 30 x10—§ 1070 1090 
% » 1898.) 0-098 420 2:08} 6 x10—8) 38,000 | 35,600 


Explanation of Table Ve 


Column ¢ gives the periodic time in thousandths of a second when tested. 
» £5 deflexion in divisions per ampere as tested when scale- 
distance = 1000 scale-divisions. 
»  % 4, resistance of instrument in ohms. 

I ,, moment of inertia of the moving systems in C.G.S. units 

approximately. 

Columns d/72 and d/ré give the deflexions per ampere when the periodic 
time is one thousandth of a second and the resistance of 
each instrument is one ohm, Column d/72 is based on 
the assumption that the sensitiveness varies as the square 
root of the resistance, whilst column d/r? assumes that 
sensitiveness is proportional to the two-fifths power of 
the resistance. 


On comparing Mr. Duddell’s 1897 instrument with those 
of Messrs. Hotchkiss and Millis and Mr. McKittrick, we find 
its factor of merit, as indicated by d/r3 (the expression most 
suited to instruments having comparatively low resistance), is 
decidedly greater than either of the other two, in spite of the 
fact of its wires being of phosphor-bronze instead of copper. 
It may also be pointed out that the moment of inertia of the 
moving parts of Mr. Duddell’s 1897 oscillograph is very consi- 
derably greater than the inertias of the two first-mentioned 
instruments, being in the approximate ratios of 30 :2°2:1, 
thus showing the great superiority of the moving-coil type 
for work of this nature, where short periodic time (or high 
frequency) and good sensitiveness are necessary. In his 
latest oscillograph Mr. Duddell has carried the reduction of 
dimensions much further than has previously been attempted, 
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and has produced an instrument whose periodic time is 
less than a ten-thousandth of a second (frequency 10,680). 
Although its resistance is little more than 2 ohms, it actually 
gives 420 divisions per ampere at standard scale-distance, and 
its factors of merit, as represented by d/r? and d/r, are 
more than 30 times those of any instrument made previously. 


Addition made October 1898. 

[We desire to mention that all the oscillographs referred to 
in this subsection are modifications of forms first described 
by Mons. A. Blondel, Comptes Rendus, 1892, vol. exvi. 
pp. 502 & 748, where both the principles and theory of 
Oscillography are fully dealt with. M. Blondel has kindly 
furnished us with the following approximate particulars 
relating to one of his moving magnet instruments made for 
workshop use :— 

Periodic time of vibration (undamped) go second. 

Resistance 7 ohms. 

Deflexion per ampere at 1 metre=40 millim. 

De ak eee acti Tron 7x1x0°2 millim, 

Mirror xldol5 x05 ,, 

It should be pointed out that this particular oscillograph 
was designed with a view of obtaining plenty of light, so 
that the curves could be shown on a screen by aid of a glow- 
lamp, rather than for large sensitiveness. 

Expressing the resulis in the form adopted in Table IV. 
we get the following values :— 


I 2 ‘ 
5 f r. ee ark | drt 
0-16 40 7 25x10 ° | 540 660 


the meanings of ¢, f,r, 1, and d being as mentioned in the 
“ Explanation of Table IV.” } 


ad’ Arsonval Galvanometers as Voltmeters. 

In Table V. the actual sensibilities of various d’Arsonval 
galvanometers when used as voltmeters are given, reductions 
having heen ziade to bring them to the same scale-distance 
and scale-divisions only. 


‘ToaTts 10 roddoo Jo oe sto} oy} []v sverot~m ‘ozuo.q roydsoyd Jo soo Suraowt arey} eAvy squeunysut osoyy, t 
‘sxoyeu oy} Aq porddns ATpury sv quowmaysut siyy Jo yuvjsu0o oyy, 


TI S198 § O0N 999 x 


PROF. AYRTON AND MR. MATHER ON GALVANOMETERS, 


80:3 0000-0 a €60000:0 g6gTt t( € . as ) - ‘3 LY 

(ERTL GLOOD-0 set 8G8000-0 L681 {(gouseuoajoepo pug [Loo MOTTE k1a A) ydeasorpio89 8 11PPra OF 

a on oe om Dt, Bho CF 

GGG GG.9 10-0 8-4 LG Silay ee Se eee a Ts : ({100 OWEN) us0yzed MONT E ag 

j GPS 1800-0 en €Z60-0 Meee % ) (9) 4 GP 
NG L9G 0200-0 a 880-0 Me (| $5 ) (aq) a % 3 GP 
G FPG GZ00-0 ug G960-0 LOSI On Q (T}09 MoaaeNy) (Cy) ioyouromesye9 Burjeods qoqyep-uowhy IF 
oi GLO 29-1 CP LGot ae ( ) OF 

be sys CZ0-0 9.6 LP 1681 p * (q{Ioo ALMA) Lo}OWOUBATLAY 8 Uesiopuy 68 
G.6G “801-0 F9G-0 CB-E GSTs ieee: “ree (Tro aeBuvqooy) egzg ‘on padueq « 8g 

JOT EGO GTL-0 0-0 (ese |) Jaen Soeeys ([100 aznsurgooy) (qey ‘sug ‘quiey) onsiyeg tepren | Le 
9-1¢ ra TTRwWg ONE |) Let ) (qe ‘sugr ‘quiep) u.zeyyed 328 PIL $ 9g 

9.29 1¢-0 810-0 Gh L681. ( “ +) Cbs ‘tedoop a") od Ge 

IFL O01 C166 0-0 L-91 | 9681 * (qt09 Bist @)) G qe sag quiep) “ e is FE 
-8F1 -S0L 98-T Trea BEL 06h 397 (loo aenoay)) ureqyed ester suoj}dmosy | gg 
OO9T GLI-O ee oiporsody =| 9ggt ttt orerrees | qungyuery ‘sung y uueuyeEy | Ze 

IGT tas £660 re 19-F areas fo ae a * y daJoTUIOMBATLL) , A ee aN »» SUBATTING (ge 
SLT Bee hci! 23 o1poled y _(qT100 MOLICU O8IC'T ) erqdpapermg * 09 WY weeny | og 
CS 981-0 LLT OF L page ee eens eo een (Ti00 aendueyooy) [eauosty p wopjoH | 6% 

FOS 00g 8S1-0 9. 0-F COGN sees trresererseesseses (Q “ON STNeg) pedureq. 8G 
GSI IST c0-0 CHG GEST OED (Tl0o Moareyy) oLsITTeg toyyeyy-aoysy | 1z 

1.9% 020-0 ote 8.0 Mego es ae cessteess 5/5 (1100) IepNsav40047) yeauosiy,p UeploFT 9% 
“ el ey iL 2 
—_—-|—— - —|— — — —- ‘uord 1oseqy = 5 
F © j I : 


186 


‘(S19}9UI]]O A S¥) SpL0d0YT IoJoMLOUVATeH [VAUOSIV,p JO SIT— A WAVY, 


‘ 


PROF. AYRTON AND MR. MATHER ON GALVANOMETERS. 187 


Explanation of Table V. 


Column 1 (or T) gives the periodic time of vibration of coil when 
tested (in seconds). 


sy 2 (OR ON) e logarithmic decrement of motion when 
tested, 

7 rontoret ) re deflexion in divisions per microvolt when 
scale-distance = 1000 scale-divisions. 

FB Ore) * resistance of coil of instrument in ohms at 
about 15° C. 

EO (COLL) 4 resistance of instrument between terminals 


at about 15°C. 


As will be seen from the table, considerable advance has 
been made in recent years. Of the d’Arsonval galvanometers 
mentioned in our 1890 paper, the most sensitive instrument as 
a voltmeter we had then seen was one of the “ invariable sensi- 
bility ” type, havinga very large magnet. Its record is given 
in Jine 4 of the d’Arsonval section of that table (see line 34, 
Table I.). The instrument had a period of 2°6 seconds, coil- 
resistance of 21 ohms, and total resistance of 57°5 ohms, and 
gave a deflexion of (0105 division per microvolt when the 
scale-distance was equal to 1000 scale-divisions. Referring 
to Table V. of the present paper, we notice that in 1892 a 
narrow-coil galyanometer was constructed, having a period 
of 2°2 seconds, coil-resistance 13:2 ohms, and total resistance 
24°8 ohms, which gave 1°31 divisions per microvolt, an in- 
crease of over 12 times in sensitiveness, with a shorter 
period. 

In 1893 Messrs. Queen and Co., of Philadelphia, produced 
a galvanometer of 178 ohms resistance, which gave 1:13 
divisions per microyolt, whilst in 1896 Messrs. Crompton 
showed to the authors one of their high-grade instruments, 
having a total resistance of 143 ohms, which gave 1°83 
divisions per microvolt, its period being 121 seconds (see 
line numbered 33, Table V.). Up to the end of 1896 the 
Crompton instrument was the most sensitive d’Arsonval volt- 
meter we had any record of, but its period was, for some 
purposes, inconveniently long. 

Table VI. is an abstract of Table V. arranged chrono- 
logically, showing improvements since 1888. 
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TasLe VI. 
Period | Divisions | Resistance} Total 
Description. Date. in per of coil | resistance 
seconds. | microyolt. | in ohms. | in ohms. 
1. Invariable Sensibility 
Type (Large) ......... 1888 26 0105 21 575 
2. Ayrton-Mather Narrow 
GOW ca peedertaseies sola 1892 2:2 1:31 13:2 24:8 
8. Queen and Co., Phila- 
delphia: Syeren-ateee 1893 | Aperiodic. TASS Se areors 178 
4, Crompton High Grade.) 1896 12:1 1-83 103°3 143°3 
5, Ayrton-Mather Narrow 
COUR faeeseeoccencenns 1897 5°84 6°55 22°2 35'1 
6. Ayrton-Mather Narrow 
GOL §. Puecctdceaceeeseess 1897 76 AT 19 575 


During 1897 several fairly low-resistance d’Arsonval in- 
struments of the narrow-coil type were made at the Central 
Technical College for use with the Lorenz apparatus tested by 
Prof. J. Viriamu Jones and one of the authors for the McGill 
University, Montreal. Records of two of them are given in 
lines numbered 44 and 45 of Table V. and lines 5 and 6 of 
Table VI. From these it will be seen that one gave 6°55 
divisions per microvolt, and the other 17:7 divisions per 
microvolt, the latter number being nearly ten times as great 
as the previous best. Further particulars of these two very 
sensitive instruments when used as ammeters are given in lines 


44 and 45 of Table II. 


Uniformity in recording Tests. 

We would here mention that in some of the galvanometer 
records we have received, the time of a single swing from one 
side of the scale to the other has been given as “ the period,” 
and this has caused considerable trouble on account of the 
sensibilities under standard conditions, calculated out on the 
assumption that the “complete period ” was meant, coming 
out abnormally high. We therefore think it important that 
in all records of tests the “complete period,” é.e. the time 
between two transits of the spot across the zero in the same 
direction, should be given. We may also remark that in all 
cases the logarithmic decrement (or the decrement) under 
the conditions in which the period was tested, should be 
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stated, so that the change of period caused by damping may 
be allowed for. Unless this be done, well-damped instru- 
ments, which are usually the most convenient, will be unfairly 
handicapped. In the case of d’Arsonval or other instruments, 
in which the periodic time cannot readily be altered by the 
user, it is important that the actual period of the vibration 
when tested should be given. 
For a complete record the following particulars are 

required :— 

(1) Resistance of instrument *. 

(2) Periodic time when tested. 

(3) Divisions deflexion per microampere (or micro- 

amperes per division). 


(4) Scale-distance. 
(5) Length of one scale-division. 
(6) Logarithmic decrement under test conditions. 
(7) Moment of inertia of the suspended system. 
(8) Mass of suspended system. 
(9) Diameter of mirror. 
(10) Length of suspended magnets (perpendicular to 


axis of rotation). 
(11) Type of instrument. 
(12) Volume of coils. 
(13) Date of test. 


Nomenclature relating to Dead-beat Galvanometers. 


Some ambiguity at present exists in the use of the words 
“dead-beat”’ as applied to galvanometers. Sometimes it is used 
as synonymous with “ well-damped ” or “ aperiodic,” whilst 
at other times the adjective is applied to instruments having 
quick-moving systems irrespective of whether the decrement 
of the motion is large or small. Since quickening the move- 
ment by increasing the control (i. e. decreasing the periodic 
time of vibration) of a given system lessens the decrement, 
the two uses of the words ‘‘ dead-beat”’ are to some extent 
incompatible. Maxwell used the term for galvanometers in 
which the motion of the suspended system was “ aperiodic,” 


* If instrument be of the moving-coil type the resistances of coil and 
suspensions should he stated separately. 
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i. @. the system only passed once through the position of 
equilibrium before coming to rest. As this meaning of the 
word seems most rational, we think it desirable it should be 
retained, and that its use in connexion with instruments having 
rapidly moving systems whose motion is not aperiodic should 
be discontinued. The expressions ‘“ quick-moving ” or “ short- 
period” galvanometer might be used*to denote this class of 
instrument. 


Insulation of Coils and Terminals of Gralvanometers, and the 
use of Prices “* Guard- Wire.” 


When testing very hizh resistances, such as the insulation 
resistance of a short length of good cable, with a galvano- 
meter, the difficulties which arise from leakage over the cable 
ends or from the galvanometer itself are well known ; the 
importance of constructing galvanometers so as to ensure 
good insulation was referred to in our previous paper *. 

Since that date Mr. W. A. Price fT has suggested the use 
of a “ guard-wire ” which practically eliminates error due to 
surface leakage over cable ends. The method there described 
can be adapted to galvanometers, thereby making the question 
of perfect insulation of coils and terminals of far less conse- 
quence than formerly. 

Mr. Price’s method consists in winding a bare wire W 
about midway between the extremities of the pared ends 
of the cable as shown in fig. 1, and connecting the other 
end of the wire to H, the battery side of the galvano- 
meter G. 

As the current through the galvanometer is very small, the 
P.D. between the wire W and the conductor C is also very 
small, and the surface leakage between them is quite negligible 
if the surface of the dielectric between them is fairly clean 
and dry. The full P.D. exists between W and the sheathing 
or wet braiding S, but any leakage-current from one to the 
other does not pass through the galvanometer. In the same 


* See p. 71, Phil. Mag. July 1890. 

t ‘ Electrica] Review,’ vol. xxxvii. p. 702 (1895). See also Appleyard 
on “ Dielectrics,” Proc. Phys. Soc. vol. xiy. pp. 257, 264, where possible 
error is evaluated. 
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manner error due to leakage from the terminal J of the 
galvanometer may be eliminated. 

It will be evident that there is no need to have the battery 
side of the galvanometer perfectly insulated : all that is neces- 
sary is that the insulation resistance of H from earth is large 
compared with the internal resistance of the battery. 


Hiow i. 


lull ull 


Probably the simplest way of applying the “ guard-wire ” 
principle to a galvanometer is to put one terminal of the 
winding to frame and case (preferably of metal), and carry the 
other terminal from the frame on a support moderately well 
insulated therefrom. The whole galvanometer may be suffi- 
ciently well insulated from earth by putting short ebonite 
sleeves, or caps, on the tips of the levelling screws. This 
construction was carried out in the Ayrton-Mather galvano- 
meter as made by Mr. R. W. Paul in 1892, an instrument of 
this class being shown before this Society on June 10th in 
that year *. By using the frame terminal as the battery side 
of the galvanometer, the frame acts as an efficient guard-wire. 
Another advantage of the construction here described is that 
electrostatic deflexion of the moving system is at the same 
_time prevented, a matter of considerable importance when 
resistance tests with fairly large potential-differences are 
being made. 

A similar construction is, of course, applicable to shunt- 
boxes. 

In concluding this section of our paper, we desire to thank 


* ¢ Hlectrician,’ vol. xxix. June 17th, 1892, p. 174. 
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the various manufacturers and inventors who have kindly 
supplied us with information and data relating to their instru- 
ments, and also to acknowledge our great indebtedness to 
C. G. Lamb, Esq., M.A., of the Cambridge Engineering 
Laboratory, and W. R. Cooper, Ksq., M.A., for supplying us 
with several important records by which we have been able to 
add materially to the completeness of our lists. 


Sxcrion B. 
Limiting Sensitiveness of Thomson Galvanometers. 


At the Oxford meeting of the British Association (1894), 
Prof. Schuster read a paper “ On the Construction of Delicate 
Galvanometers,” in which inquiry is made as to the smallest 
current that can be detected by a non-astatic instrument of 
1 ohm resistance, and,controlled by a field of strength 0:17 
©.G.S, unit. he calculated minimum current depends on 
the resolving power of the mirror employed, the smallest 


angle observable being taken as =, where d is the wave-length 


nr 
2d 
of light and d the diameter of the mirror. The result arrived 
at is that 1:5 x 10*° amperes is the smallest current that can 
be detected under the assumed conditions. 

Taking » as 5-9 x 10~° centimetres we find the minimum 
angle to be 2°95x10-> radians or about 6-1 seconds of are; 
this corresponds with 0°0593 division on a scale at 1000 divi- 
sions distance. Expressing Prof. Schuster’s result in this 
way we get 3°9 divisions per microampere as the limiting 
sensibility of a non-astatic galvanometer of 1 ohm resistance 
when controlled by a field of 0°17 C.G.S. unit, the cavity 
within the coil being a sphere of 1 centimetre diameter. It 
is interesting to notice that to obtain a deflexion of 200 divi- 
sions per microampere (a number one might fairly expect to 
get from a good Thomson instrument having a period of 
10 seconds and needles about a centimetre long) would 
necessitate the controlling field of a non-astatic instrument 
being reduced to less than one-fiftieth of the assumed value, 
or to 0°003 C.G.S. unit. 

In his ealeulations Prof. Schuster had no need to take into 
account the period of vibration of the suspended system, but 
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in the following treatment of the subject period is considered 
an important factor, and the specific magnetism of the needle 
is also taken into account. Farther, the suspended system is 
supposed astatic, but this is not essential, for a non-astatic 
system with an adjustable control would lead to the same 
results. 

The calculations in this section of the paper were made to 
ascertain whether some unusually high records of galvano- 
meter tests which had been sent to us could possibly be correct. 
The answer was in the affirmative. A similar investigation 
had previously been made relating to some instruments of the 
d’Arsonval type, and this gave an answer in the negative. 
The calculated maximum sensibility came out about 5 of the 
published vaiue. Subsequent tests made on an actual instru- 
ment gave a result about ,), of the published value, or about 
two-thirds of the calculated maximum. 

In treating the subject mathematically the following as- 
sumptions are made :— 


(1) Clearance between coil and end of magnets 1 millimetre. 

(2) Mirror and stem of negligible inertia compared with 
that of magnets. 

(3) Perfect astaticism of needle. (Thickness negligible.) 

(4) Coil unlimited in size and of best shape as voltmeter. 

(5) Thickness of insulation on wire negligible. 

(6) Control of suspension negligible. 

(7) Deflecting field equal to field at centre of coil. 


Note.—All the assumptions except (7), and perhaps (1), 

will give too high a value for the calculated sensitiveness. 
Let 21 = length of magnets. 

= area of cross-section of magnets. 

= induction density in the steel. 

density of steel. 

= strength of pole. 

= specific magnetism of needles. 

= time of vibration (complete). 


9193 DERE 
II 


Then, 
Magnetic moment = 2mml, 
= M (say), 
Nee or. (8) 
do 


VOlnexvI. @) 
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Mass = 2AlA, 
Moment ofinertiaI= 2A07A;. . . . - (9) 
B 
Specific magnetism= re ARM lea 03 (10) 


= B roximatel 
o = 9g apP y: 


For an astatic pair we have 


me we a1 
TN eM Ee 


where H, and H, are the controlling fields acting on the two 
magnets respectively ; 


SL, ‘ <-  ee Fer ete are (11) 


from (8), (9), and (10). 
This gives the difference of the two fields for any periodic 
time of vibration, length of needle, and specific magnetism. 
If @ be the deflexion produced by a current y, then 


Controlling couple = (H,—H,) M sin 8, 


and Deflecting couple = 2MyG cos 8, 
where G is the principal constant of the coil. 
H,—H 
Hence y =a 3G 2) tan 0, 
Aq]? 
Seg tan @ . (12) 
from (11). 
i Naeer i bea! 
N = Ne eee 
ow G Naas 2) a 
(see Maxwell, vol. ii. p. 825, Ist ed.) ; 
where N=27 1 (sin 0)? dé 
0 


= 9-034, 
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a the ratio of the radius of the wire to the maximum radius 
of the layer; 

8 the ratio of the distance between the centre of two 
adjacent wires to the radius of the wire ; 

a the maximum radius of cavity in coil ; 

w the outer radius of coil. 


The resistance of the coil is given by 
ae 
R=N -£,(---), . . 1) 


p being the specific resistance of metal used in the 


winding ; 
G AW wil 1 
ig Vy ag) 


A little consideration will show that oe gives the value 
of G for a galvanometer whose resistance is one ohm. 
This is a maximum when B=2 and «=n. 


Since a=l1+0'1 . . {assumption (1)} 
"e get 2]2 
ees = ie T Be tan 8 from (12) and (15) 
f ston /N™ J 
pl+0O1 


= ey [PEED tan 0 fee a eg (1G) 


Now for 1 division deflexion at a scale distance of 1000 
divisions, =o )yo, so taking 


t= 10 seconds, 
p=1'64x 10-8, and 
g—=00; 


corresponding with B=5000 approximately, a high value for 
short permanent magnets, we get 


en ee . 
Gurrent per 1 division = jou? V71+0:1 C.G.S. units, 


6:02) 
= jo9 PVi+01 amperes . (17) 


From this formula the following table has been calculated. 
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TaBLe VIL. 

Half length of needles (/) Pine Divisions per 
in coufinclees Amperes per division. Microampere. 

| 0-06 612x107” 163,000 

0-1 2:86 x 10713 35,000 

0-15 716x107"! 14,000 

0-2 1:38 x 1071? 7,250 

03 3:60x1071° 2,775 

0-4 714x1071° 1,400 

05 1:22x107? 820 

| 


With these results before us it is interesting to examine how 
nearly the limits here given have been approached in actual 
instruments. 

One galvanometer for which the dimensions of the magnets 
are known is that mentioned in line 9 of Table II. In this 
instrument the magnets are 0°82 centimetre long, therefore 
1=0°41. From Table VIL. an instrument with such a needle 
and wound to have a resistance of 1 ohm should give about 
1350 divisions per microampere under the assumed conditions. 
On referring to Table IL., line 9, we find the value of D/ré (the 
expression most suited for a high-resistance instrument with 
small coils) actually obtained to be 380, or little more than a 


quarter (=33) the calculated possible value. 
oO er 


Another comparison can .be- made in the case of 
Mr. McKittrick’s oscillograph, which has a needle of almost 
microscopic dimensions. In this instrument 1=0°053, and 
we see from Table VIL., that we might possibly get 150,000 
divisions per microampere when the resistance is one ohm, 
period 10 seconds, and scale-distance equals 1000 scale- 
divisions. Line 4 of Table II. gives the values 60,000 and 
105,000 for D/r? and D/ré cope These cabo 
approximate more closely to the theoretical values than those 
for the Mudford galvanometer previously referred to, the 
probable reason being that the needle of Mr. McKittrick’s 
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instrument consists of a piece of soft iron placed in a very 
strong magnetic field. The specific magnetism would therefore 
be much greater than that of short permanent magnets in a 
weak field such as used in controlling the needle of the 
Mudford galvanometer. In all probability the value of o for 
Mr. McKittrick’s instrument would be two or three times as 
great as the value used in calculating Table VII. 


SEction C, 
Long versus Short Period Galvanometers for Zero Methods. 


For rapidity and accuracy of working a short-period 
- instrument is certainly better than a long-period one, providing 
its sensitiveness is as great. It is interesting, however, to 
inquire whether, with the same galvanometer, it is more 
expeditious to use a strong or a weak control, provided the 
sensitiveness when strongly controlled is sufficient for the 
purpose. For although the spot will move to its maximum 
elongation, corresponding with a given want of balance, more 
quickly when strongly controlled, that elongation will be less 
than when a weak control is used. Hence it is possible that a 
given small displacement of the spot from the zero position 
may occur in a shorter time when the control is weak than 
when it is strong, because such displacement is then a smaller 
fraction of the whole. 

First applying general reasoning to the problem, we may 
notice that the deflecting couple produced by a given want of 
balance is initially independent of the control, and as the 
inertia of the moving system is constant, the acceleration at the 
beginning of the motion is the same whatever the control. 
If f be this acceleration the space traversed by the spot in a 
short time ¢ is 4,/#?, and this is therefore independent of the 
control, consequently for small displacements strong or weak 
control makes no difference in the time it takes to see that a 
want of balance exists. 

It is to be noted, however, that the weakly controlled 
system will take longer to return to zero, so that a longer 
wait is necessary before another test can be made. On the 
other hand, should the sensitiveness of the strongly controlled 
instrument be only just sufficient to get the desired accuracy, 
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then half a period must elapse before the want of balance can 
be detected, whereas the weakly controlled instrument would 
have moved over a greater distance in that time. Taking 
the controls in the ratio of 4 to 1, and therefore periods as 
1 to 2, the movement of the weakly controlled instrument 
will be double that of the other in the case here considered. 
In this instance therefore the long periodic time is advan- 
tageous because it will show a very small want of balance 
more quickly, but the advantage is somewhat discounted by 
the longer time occupied in the return to zero. 


Undamped Motion. 


To consider the matter in further detail let us first take 
the case of undamped simple harmonic motion. Assuming 
the ratio of the controls to be as m? to 1, the periods will be 
in the ratio of 1 to m. 


Fig. 2. 


Draw two circles touching at A, centres at B and C, and of 
radii in the ratio of 1 to m?. Draw lines BP and CQ making 
angles 8 andy with AC and such that 8=my. The distances 
from A of N and M, the projections on AC of P and Q 
respectively, will then represent the displacements from zero 
after a given time of the short and long period galvanometers 
respectively. From the figure (to scale) it will be seen that 
these are nearly equal when the time is, say, one-sixth of a 
period of the quick-moving system. And even when the 
time is one-fourth of the period of the strongly controlled 
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instrument, the difference in the displacements is not very 
marked, for in that time the short-period needle will have 
moyed over the space AB, whilst the long-period needle will 
have traversed the distance AM’. 


Again, 
AN=AB(1—cos 8), 
=b(1—cos®) (say), 
and AM=AC(1—cosy), 
=c(l—cosy) (say) ; 
but e=m’b, 
and B=my; 
“. AN=b)(1—cos my), 
and AM=m?b(1—cos y). 


AM _ m?(1—cos y) 
AN” 1—cosmy * 


Expanding the cosines we get 


4 


2 6 
C7 oss eels in Pe! ie 
AM _ md rtp ej | 
AN mir? _ mir* yrs y 


Cee re J 


my? 
Dividing top and bottom by oe have 


AN niry? —-m4ry4 eingiese! 


This, to the 1st degree of approximation, is unity, and only 
differs slightly from unity when my is considerable, thus 
confirming the general reasoning above. ‘Taking m equal 2, 
as in the figure, and v equal to 4, 2. e. 28°°6, we have 


1 1 
AM A> at 5760 — © 
NOD (eos 

1-55 + 369 — “- 


EUG. 
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Consequently the displacements differ by about 6 per cent. 


in a time equal to about one-sixth (= ) of the period of the 
quick-moving instrument. 

To put the matter in another way, we may determine the 
relative times after which the spots will have moved appre- 
ciably from the zero. A little consideration will show that 
these times will depend on the relation of the least visible 
movement to the maximum displacement produced by the 
want of balance it is necessary to detect. For example, if 
the sensitiveness of the short-period instrument is such as to 
give a fairly large movement of the spot for the given want 
of balance, then a perceptible movement will occur in a time 
which is a small fraction of its period, and this motion will 
take place in practically the same time as an equal motion of 
the spot of the long-period instrument. On the other hand, 
if the sensitiveness of the short-period instrument is only 
just sufficient to show the given want of balance when the 
spot reaches its maximum elongation, then half a period 
must elapse before the want of balance would be detected 
and the more sensitive long-period instrument would hav 
moved an equal distance in a shorter time. In this case 
therefore, the more sensitive instrument would have a distinc 
advantage in quickness in showing the want of balance, but 
more time would be required for its return to zero before 
another test could be made. 

To show the relative times under different conditions of 
required accuracy, and of different relative periods of similar 
galvanometers, we have calculated the following table. 

The first column gives a measure of the sensitiveness of 
the short-period instrument in terms of the minimum possible 
value consistent with the desired accuracy, e.g., the 1 in the 
first column indicates that the instrument is only just sensi- 
tive enough to indicate the maximum permissible error in 
balance ; the 2 in the first column denotes that the instrument 
is twice as sensitive as absolutely necessary ; and the 3 that it 
has three times the necessary sensibility &c. The numbers in 
line 1 below the various values of m? show the relative times 
required for the spot to move perceptibly, the time occupied by 
the slow-moving instrument in moving over the minimum 
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TasBueE VIII. 


: Time tak -peri isi 
Batis of taken by ae period galv. to move visibly 
, ; onger 
Ra: rag DC hth) 5 ” ; ” ” 
tio of maximum dis- |) when the sensitiveness of the longer-period instrument is 


placement of short- ons te -period i 
SFA sical tose m* times as great as that of the short-period instrument. 


movement visible. 
mi=2. | m?=4, | m?=16. | m?=64. |m?=10,000. 
tse — : 
1 £47? o+| Eko 1:55 1:60 163 
2 106 1-09 1:10 1:10 ry 
3 1-034 | 1-05 1:053 1-054 1-055 
4 | 1025 | 1-04 1-045 1047 | 1048 
8 it ors 1-021 
10 1-01 | a8 lg ee 1-019 
20 1-005 1-007 


perceptible distance being taken as unity. In column 2 line 1 
we find the number 1°41, and this indicates that if the short- 
eriod instrument is only just sensitive enough to show the 
naximum permissible want of balance, then, doubling the 
ssitiveness by making the period »/2 times as great, would 
enable the want of balance to be detected in a shorter time, 
the times being in the ratio of 1 to 1:4]. Similarly for 
eclumn 3 line 1, increasing the period to twice that of the 
short-period instrument and therefore increasing the sensi- 
tiveness four times would reduce the relative times to the 
ratio of 1 to 1:5. When m equals 100 (or the sensitiveness 
is increased ten thousand times, if such an increase were 
vossible) the relative times become 1 to 1°63, showing a com- 
paratively small extra diminution in time required to detect 
. want of balance, although the sensibility is very largely 
increased. 

The numbers in line 2 show that when the short-period 
instrument is twice as sensitive as is absolutely necessary the 
gain in time required to detect the want of balance becomes 
less, the ratio of the times being 1: 1:06 when m? equals 2, 
and only reducing to a value 1: 1:11 when m’ equals 


10,000. Subsequent lines show that when the short-period 
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galVanometer is several times more sensitive than is absolutely 
necessary to obtain the desired accuracy, the gain in quickness 
in detecting a small error by weakening the control becomes 
noe ae and so the small gain aut be more than neu- 
tralized by the longer time (leet! in the return to zero. 


Aperiodic Motion. 
If the motion of the suspended system be aperiodic, as in well- 
damped d’Arsonvals, the problem is rather more complicated. 
When damping forces act on a vibrating system the 
equation of motion is 
O32 BDde ae 
de al wed 


6=A, e (Pt Oi + Age—(P—VF, 


6=0, 


where 
B . YB? -€ 
laa and a7" 
or g’=p’—n’, where =r. 
(iat @=a when t=0. 
d0 
Also me oo i=), 
then 


a pig (p+ get— Pages. 


1 
If we now lessen the control to — —, its initial value, so that 


the period, if undamped, would ee lengthened m times, the 

sensitiveness will increased m? times, and consequently the 

value of « is increased m? times. This change of C alters q, 

but p is not affected thereby. Let the new value of y be q’. 
Under the altered conditions we have 


/ 
Sinsagi B MPa) — (pag ena 
We may also write @ in the form 


0=9,{(P ati) Coe ae mee 
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and expanding 


O= slp a)L1—(p—ges PoP —ke.] 


—(p—9) [1-(p+q)t+ (p+ q??—- &e.]} 


= 5,024 + (Pe) o1p —9—(pt+Q)] 
= (= 9) Lp 9)?— (p+ 9)"1 + &e.} 


a . 2 Re 
mpg cla? Tigh 20) a ee Pao} 


2 3 
=afl—(*—-9) [5 ne + terms involving ¢* &. p and 7| 
of 
=aj{l—n lig P53 Ge cara ke. | 


*O0-a=—an’ fe +terms be. |. 


Similarly 
ri ee : ; 
'—2’'= —a'nt*| 5 Bia + terms involving ¢* &. p and ‘| ; 


Hence the ratio of the two displacements is 


mp Ae st terms in ¢* &. pand ‘| 


O—a’ an” Ls 2 | 2 


=> 2 
— an 4 
O—«a fe = 2,5 3 +terms in t' &e. p and Al 
but a=ma, 
| ke 
2 — —, nN 
and sae 
an’? = an? 
6'—a! ] 
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‘ and higher powers are small, the ratio is 
unity, consequently there is no difference in the rapidity of 
detecting want of balance when the sensitiveness of the 
short-period instrument is sufficient for the purposes of the 
experiment. 

To find the ratio in the other cases we may observe that 
the general term in ¢” is, when 7 is odd, 


ns 1)\(7—2) Mean 
7 e—De [3 


Thus, when 


HP (m1) pa hy 


and when vy is even 


(r —1)(r—2)\r—3) 


rhs 
ere ee Lorre Je Pag as Beet q’ rays 


Decreasing the control decreases n? and therefore increases 4, 


g=p—n. 
Hence grisea «Gy 


consequently the term in t* in the numerator of Oise 


a= = will be 


greater than the corresponding term in the Sausminaee and 
this indicates that the displacement of the slow-moving 
instrument gains on that of the quick-moying one as the 
time increases. 

The above investigation teaches us that when we have a 
galvanometer whose control can be readily altered and whose 
sensitiveness can be easily made ample for the purpose of 
the test, then for rapid working adjust the control so that the 
sensitiveness is, say, two or three times as great as is absolutely 
necessary for the desired accuracy. 
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Discusston. 


Prof. THRELFALL thought the authors’ method of comparing 
galvanometers very misleading. The results obtained in 
their comparison of the oscillograph (3,310,000) and the 
suspended-coil galvanometer (27) might be regarded as the 
reductio ad absurdum of the proposed system. The absurdity 
arose from the dissimilarity of the two instruments. More- 
over, the proposed system ignored the fact that sensitiveness 
may be obtained by optical as well as by electromagnetic means. 
Optical sensitiveness, owing to its greater stability, was to be 
preferred to electromagnetic sensitiveness. The fundamental 
problem in the construction of galvanometers is an optical 
one ; it is necessary to decide the mass and dimensions of 
the suspended parts so as to ensure (1) optical accuracy, and 
(2) electromagnetic sensitiveness. Thus, to some extent, the 
weight of the mirror determines the thickness of the sus- 
pension. As an instance of what might be done by optical 
methods, Prof. Threlfall referred to work done by himself 
and Mr. Brearley (Phil. Mag. 1896), in which it was possible 
to measure to 1°48 x 10- amperes, and, with special refine- 
ments, to 383x107 amperes. He had found that the best 
diameter for glass mirrors was 11 centim., with a weight 
just under 0-5 grm. ‘These were used with a scale at 
276 centim., read by a microscope to 0:04 millim. The 
course of the light was:—Lamp, large lens, small scale, 
mirror, eyepiece. The period was 25 secs., and the resistance 
50,000 ohms. Even better results could be obtained by 
using mirrors of quartz or of blood-stone. Quartz is incom- 
parably to be preferred to glass. Such figures indicated 
what could be done by optical sensitiveness—the sensitiveness 
that the authors ignored. It was pointed out by Prof. 
Threlfall that the controlling field for galyanometers of the 
“Thomson” type should be uniform. This was best secured 
by using two magnets, one above, and one below the needles. 

Prof. Prrry said the authors had not asserted that a 
galvanometer with higher figure of merit, according to 
their classification, was superior to another of lower figure. 
It must be agreed that the figure they obtain is a very 
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valuable datum for the comparison of instruments designed 
for similar purposes, for instance in classifying those used by 
Prof. Threlfall. Mr. Duddell was to be congratulated 
on the extreme sensitiveness and small period of his oscillo- 
graph. 

Prof. Ayrton, referring to Prof. Threlfall’s reductio ad 
absurdum, admitted that the criticism would carry some 
conviction if the two instruments «were of different kinds ; 
if, for instance, one possessed a suspended needle and the 
other a suspended coil. But the argument failed, because 
both instruments were of the suspended-coil type. In one 
of them Mr. Duddell had developed the advantages to be 
gained by reducing the air-gap. To form an opinion of 
electromagnetic improvements in galvanometers, it was 
necessary to reduce the results of all instruments to some 
system of classification. There was no objection, after that, 
to adding a good mirror, and reading by a good microscope. 


ERRATUM. 


On page 1 of this volume the title of the paper by Prof. Stroud 
should read : 


“A Telemetrical Spherometer and Focometer.’’ 
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